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1 Introduction

Numerious physical phenomenon, sounds, heat, fluid flow, from diverse areas of sci-
ence can be represented using Partial Differential Equations (PDEs). The property of
the PDE must agree with the same underlying dynamic in which they were governed
from the physical phenomenon.

Many of these representative PDEs lack closed form solutions and requires the
solutions to only be approximated. Thus requiring the numerical solutions to abide
the same underlying dynamics as that of the problem.

This semester, my work focused on the numerical solution for the hyperbolic
conservation law.

Stability property of the methods in approximating the solutions of PDEs is of
great importance to the convergence. The renowed Lax equivalence theorem states
that the stabilty is a sufficient and neccessary condition for linear methods which
are consistent in approximating linear problems [7]. Many of the current physical
phenomena represented by PDEs are nonlinear. Gilbert Strang [6] showed that for
for these nonlinear problems, approximation methods which are consistent and when
linearlized are L2 convergent, then the approximation is convergent. However, this is
true for sufficiently smooth and well behaved problems. Many of the PDEs which are
discontinuous are not guaranteed convergence under Strang’s work. Consequently, it
has been the focus of many research to develop methods which can be linearlied and
have the desired nonlinear stability properties for approximating the discontinuous
solutions of hyperbolic PDEs.
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1.1 Hyperbolic Conservation Law

A scalar conservation law in one space dimension is a rst order partial dierential
equation is represented by the following PDE

ut + f(u)x = 0 (1)

Here u = u(t, x) is called the conserved quantity, while f is the ux. The variable x
is the one-dimensional space variabe, while t represents the temporal variable. When
equation (1) is integrated over a domain [a, b],

∫ b

a

ut(t, x)dx = −
∫ b

a

f(u(t, x))xdx = f(u(t, a))− f(u(t, b)) = [Flow in]− [Flow out]

This illustrates that the quantity of u is neither created nor destroyed, hence the
name Conservation Law. This is Differentiating flux f using the chain rule, for a
continuous function u(x, t), (1) can be equavilently be linearlized as

ut + f ′(u)ux = 0 (2)

Hence, when the above PDE is applied to a continuous problem, under Strang’s
work [6] and the Lax Equivalence theorem, one can any adequately dissipative finite
difference, finite-element or spectral method to approximate the spatial derivative,
and L2 linear stability analysis guarantees convergence.

For a discontinuous solution, u(x, t) can be written as a linear conbination with
the heaviside function

H(x− ξ) =

{
1 if x ≥ ξ

0 if x < ξ.

Equation (1) and (2) are not equalivalent since ux(t, x) involves the dirac function

H ′(x− ξ) = δ(x− ξ) =

{
+∞, x = ξ

0, x 6= ξ

which is not well defined. Hence, linear stability analysis is not sufficient for conver-
gence.
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2 Strong Stability Preserving Method

Once we discretize the flux term in space, we obtain the ODE system

ut = F (u),

where spatial discretization F (u) carefully chosen so solution from forward Euler
method

un+1 = un + ∆tF (un),

satisfies a monotonicity requirement

||un+1|| ≤ ||un||,
||un+1|| ≤ max{||un−1||, ||un−2||, · · · , ||un−k||}

in some norm, semi-norm or convex functional || · ||, for a suitably restricted timestep

∆t ≤ ∆tFE.

A more general explanation can be found in [1] and references therein. First
order numerical approximation have very limited application. In practice, we need
to use higher order methods for accuracy reasons and also for linear stability rea-
sons. It is with this purpose that Strong stability preserving (SSP) high order time
discretizations were developed to ensure that these stability properties of the spa-
tial discretization are preserved when coupled with these higher order methods. To
ensure that such properties are maintained, higher order spatial discretition are de-
composed into convex combination of forward euler so any convex functional property
satisfied by the spatial discretization coupled with forward Euler (under some time-
step restriction) will be preserved when it is coupled with the higher order method
(perhaps under a different time-step restriction) [3, 1, 2]. I am still learning about the
convex decompositions. I hope to delve more into the topic during this intersession.

If I write the s-stage Runge–Kutta method in the Shu-Osher form [5]

u(0) = un

u(i) =

(
1−

s∑
j=1

αij

)
u(0) +

s∑
j=1

(
αiju

(j) + ∆tβijF (u(j))
)

i = 1, . . . , s,

un+1 = u(s)
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it is easy to observe that if ||un + ∆tF (un)|| ≤ ||un|| for ∆t ≤ ∆tFE, then this
property is also preserved by all the internal stages of the Runge–Kutta method, as
long as all the coefficients are non-negative, any βij = 0 whenever it corresponding
αij = 0, and

βij
αij

∆t ≤ ∆tFE

Methods which satisfy the monotonicity requirement, i.e ||un+1|| ≤ ||un||, are
called strong stability preserving (“SSP”) under a modified timestep restriction

∆t ≤ C∆tFE.

For an SSP method,C is called SSP coefficient. Comparisons are made between
given SSP methods by scalling C by number of stages: effective SSP coefficient:
Ceff = C

s
. However, one must be careful with this definition for implicit system since

solving implicti system is much more costly than that of explit systems.
Readers should keep in mind that C is a property only of the time-integrator while

∆tFE is a property of the spatial discretization. We want to be allowed the largest
step-size possible per stage, so we search for methods that have a large effective SSP
coefficient. Readers should refer to the works of Gottlieb and colleagues for a very
similar theory that exists for multi-step methods and multi-step multi-stage methods
Futhermore, it has been shown that Explicit SSP methods exist up to order four but
Ceff ≤ 1; Implicit SSP Runge-Kutta methods exist up to order 6. Numerically we
observe that beyond first order Ceff ≤ 2; All explicit general linear methods have
Ceff ≤ 1, but they may be of higher order than 4; Implicit multi-step methods have
Ceff ≤ 2 [1].

3 SSP with Downwinding

A common approach to development of TVD [1] methods is to employ a semi-
discritization for which the TVD property holds under forward Euler integration in
time. Such semi-discretizations generally are upwind-biased. Forward Euler method
is an example a simple upwind-biased TVD method. However, this method is know
to have a small stability region, manely {z ∈ C | |z + 1| ≤ 1}.

Knowing that the Forward Euler method’s counterpart is also a TVD method
with a much larger stability region {z ∈ C | |z− 1| ≥ 1}, one can exploit the charac-
teristic of the Backward Euler’s method. By considering a corresponding dowinwing-
biased semi-discretization, we use the F̃ that approximates f(u)x and satisfies the
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monotonicity requirement

||un + ∆tF̃ (un)|| ≤ ||un||

Consider the advection equation,

Ut + Ux = 0

one can see that discretization via upwind discretization (3) and discretization
via downwind discretization (4) approximates the same only from oposite direction.

u
′

i(t) = −ui − ui−1

∆x
= Fi(u) (3)

u
′

i(t) = −ui+1 − ui
∆x

= −F̃i(u) (4)

If I write the s-stage Runge–Kutta method in the Shu-Osher form only this time
encorporating the downwind discritization,

u(0) = un

u(i) =

(
1−

s∑
j=1

αij

)
u(0) +

s∑
j=1

(
αiju

(j) + ∆tβijF (u(j))
)

i = 1, . . . , s,

un+1 = u(s)

if ||un + ∆tF (un)|| ≤ ||un|| and ||un − ∆tF̃ (un)|| ≤ ||un|| for ∆t ≤ ∆tFE, we can
allow negative βs as long as F (u(j)) is replaced by F̃ (u(j)) when βij is negative.

Like all Runge-Kutta methods, SSP Runge-Kutta methods and SSP Runge-Kutta
methods with Downwinding are subjected to vast number of constraints that grows
exponentially with the order of the method. Satisfying these order constrainsts,
David Ketcheson [4] illustrated the followind two stages, second order method for
arbitrarily large SSP coefficient C = r

y1 =
2

r(r − 2)
un +

2

r

(
y1 +

∆t

r
F (y1)

)
+
r2 − 4r + 2

r(r − 2)

(
y2 −

∆t

r
F̃ (y2)

)
y2 = y1 +

∆t

r
F (y1)

un+1 = y2 +
∆t

r
F (y2)

5



For such method, one is able to generate arbitrarily large SSP coefficient C = r.
For higher order methods, it was conjectured that SSP Runge-Kutta methods with
Downwinding operators are not subjected to the same order barrier of Ceff ≤ 2.
Momentarily, I have munerically generated the following methods with Ceff = C

s
:

p s = p− 1 s = p s = p+ 1
2 14.72375 12.70833
3 1.25000 5.95665 3.58750
4 0.83333 2.4625 1.7000
5 1.16582 2.7400
6 0.74231 5.32049 0.44738
7 0.41666 5.64554 2.70292
8 2.2337
9 0.1453

4 Future Work

This is an ongoing work; I still have a lot more work to do. This semester, I spent the
majority of the time reading through the extensive historical works on the subject
and learning about some anaysis used withing those literature. While running the
optimization code, I spent most time attempting some of the proofs taken to reach
the conclusions. I still have a lot more to learn since the majorities of the proofs and
analysis are beyond my skill sets. I hope to continue reading more literature about
the topic during the break and learn more about convexity theorems and different
stability properties.

I am currently running the code to the fullest extend searching for methods. As
shown in table 3, many of the current results are not optimal.
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