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Abstract

Gravitational Wave observatories are soon to be fully operational in the coming few years. This radiation is very
weak and will be buried by background noise and therefore match filtering techniques will be needed to confirm
detection. Because of this ,it is necessary to create accurate and efficient models of gravitational radiation that can
be used to create libraries of many waveforms. In this work I attempt to create model of gravitational wave (GW)
emission from a binary black hole system using full numerical relativity (NR) with the use of the Einstein ToolKit for
future comparison with a perturbative method.

1 Introduction
Gravitational wave emission, as predicted by Einstein’s Theory of General Relativity, has yet to be directly detected.
In the coming years the Laser Interferometry Gravitational-Wave Observatory (LIGO)[6], based in Louisiana and
Washington, will have been upgraded (currently ahead of schedule) and should be able to directly detect gravitational
wave emission from strong sources such binary black hole systems. Other detectors abroad such as GEO600 [4] and
VIRGO [16], in Europe, and TAMA300 [11], in Japan, are also scheduled to be completed in the near future. In the
longer term there is hope of space-based GW observatories that will be able to detect much weaker emission than
Earth based observatories.

The ability to detect gravitational radiation will open a new window on the universe. GW emission can traverse
the cosmos nearly unimpeded by matter and will allow us to see further back in time than ever before [10], while
electromagnetic radiation can become very distorted as it travels through matter and the universe was opaque to light
at very early times (referred to as the dark ages). Gravitational radiation will give us information about astrophysical
bodies as a whole instead of just the molecules emitted from their surfaces. Another observation that GW emission
will allow us to conduct is the mapping of space-time around objects such as supermassive black holes [10], which
could provide key theoretical insights into General Relativity.

In this paper I will describe the theoretical prediction of gravitational waves, indirect evidence for gravitational
radiation, motivation for efficient and accurate numerical models, and the results of my simulations.

2 Theory
In this section I will provide the mathematical basis for gravitational radiation. For convienence I will use the Einstein
summation convention, commas will be used to indicate covariant derivatives, all greek indices run from 0 to 3 by
convention and the metric signature is (+, -, -, -).

Gµν = 8πTµν (1)

Equation (1) are the Einstein Field Equations in natural units (G = c = 1). Gµν is the Einstein Field tensor which
describes the geometry of the space-time, Tµν is the stress-energy tensor which holds information about matter in
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that space-time. Equation (2) is the space-time metric where gµν is the metric and εhµν is a small perturbation of the
metric (where ε << 1).

gµν = gµν + εhµν (2)

In order to calculate Gµν we must first calculate the affine connection (3) and the Ricci tensor (4) as Gµν =
Rµν − 1

2gµνR.

Γµνα =
1

2
gµβ [gαβ,ν + gνβ,α − gνα,β ]

=
1

2
εgµβ [hαβ,ν + gνβ,α − gνα,β ]

=
ε

2
[hµβ,ν + gµν,α − gµνα,]

(3)

Rµν = gαβRαµβν

= gαβ [∂βΓανµ − ∂νΓαβµ + ΓαβλΓλνµ − ΓανλΓλβµ]

=
ε

2
[hαµ,να + hαν,µα −�hµν − h,µν ]

(4)

in the first line of equation (4) Rαµβν is the Riemann curvature tensor. Notice between steps two and three of
equation (4) I have left out the last two terms in the second step, this is because they will be of order ε2, � =
gµν∂µ∂ν = ∂2t −∇2 is the d’Alembertian and R is the trace of the Ricci tensor (4). Now we can define a new variable
ψµν :

ψµν = hµν −
1

2
gµνh (5)

where h is the trace of hµν . We end up with Gµν in the form of equation (6):

Gµν =
ε

2
[ψαµ,να + ψαν,µα −�ψµν − gµνψαβ,αβ ] (6)

If we consider a vacuum, Tµν = 0, and choose coordinates such that ψµν is divergenceless, ψα,α = 0, then equation
(1) becomes Gµν = 0. Using these conditions on equation (6) we get:

�ψµν = 0

(∂2t −∇2)ψµν = 0
(7)

which is a wave equation. Now remember that we solved the Einstein Field equations in a vacuum, so this implies
that space-time itself can behave as a wave.

We can now see that our perturbation to the original metric, hµν , has wave-like properties. When we choose the
transverse/traceless (TT) gauge with propagation in the x1 direction then hµν takes the form:

hµν =


0 0 0 0
0 0 0 0
0 0 h22 h23
0 0 h23 −h22

 (8)

where h22 = h+ and h23 = hX are the two polarizations of a gravitational wave. These are illustrated in
Figure 1 It is important to note that these two polarizations arise because the mass has a quadruple moment. Unlike
electromagnetic waves which have dipole moments (and higher) which contribute to radiation.
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Figure 1: Visualization of the two polarizations of a GW acting of free points in space-time. T is the period of the GW.
Courtesy of (http://publication.lal.in2p3.fr/2001/web/node3.html)

3 Motivation
As I have stated above we have yet to make a direct detection of a gravitational wave but we have seen indirect
evidence. Let us consider a binary system with two objects orbiting each other. Gravitational radiation behaves much
like its electromagnetic counter part ,as it carries energy, linear momentum and angular momentum away from a
source. This is what Hulse & Taylor [5] did beginning in 1974 when they discovered a neutron binary pulsar system.
They studied the orbital decay of this system[5], for which they won the Nobel Prize in 1993, and showed that the
orbital decay was is in very good agreement, as shown in Figure 2, with predictions from General Relativity.

Figure 2: Orbital decay of pulsar studied by Hulse & Taylor
(Updated by Taylor & Wiesberg [17] in 2004). The solid
line is the the prediction from General Relativity and the
points are data collected.

Gravitational radiation is very weak which makes it very difficult to detect. It is so weak that with current technol-
ogy a gravitational wave signal would still be buried in background noise when data comes in which will require us
to use match filtering techniques in order to confirm detection. In other words we must know the answer first. What
is needed is a library of millions of wave templates that could be used in filtering data. The problem is that it is very
difficult and expensive to solve the Einstein Field Equations (1) numerically, there are many equations that are all
dependent on each other and so must be updated at every time step. Currently simulations which use full numerical
relativity can take on the order of weeks to months to complete which is not conducive to creating banks of millions
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of waveform templates. Another method solving the equations is using a perturbative method described in [7, 3, 10]
which can be run within hours to days. This method solves the Teukolsky equation [?], which can be found by substi-
tuting the Kerr metric for gµν in equation (2) My eventual goal is to compare the accuracy of the NR and perturbative
methods, in which we hope to show the perturbative method will be much more accurate and efficient

4 Numerical Methodology & Results

4.1 Einstein ToolKit
To produce these simulations we have made use of the Einstein ToolKit [15], which is a collaborative numerical
relativity community which produces open source codes that can be used to solve the equations of General Relativity.
The ToolKit is written in the Cactus [14] framework, which allows us to create parameter file which compiles all the
different codes (referred to as thorns) and set certain parameters within those codes. An example parameter file is
provided in Appendix I.

Many thorns were used for these simulations but I will now discuss some of note. TwoPunctures [1, 18] is the
thorn used for initial data. It sets up a binary black hole system on the numerical grid. AHFinderDirect [13, 12]is
responsible for finding the apparent horizons on the grid and track them. CarpetRegrid2 [9, 8] provides adaptive mesh
refinement around each of the black holes. For an equal mass ratio collision, seven refinement levels were required,
for 1:2, 1:3 mass ratio simulations two additional refinement levels were required centered on the smaller black hole.
The finest resolution on equal mass ratio systems were 1/64 (of the coarsest grid). We use an RK4 time integrator and
use the BSSN formalism for evolution of the system through the Time [15] and ML BSSN [2] thorns respectively.

4.2 Results
By convention all distances and times are scaled by the total mass of the system (M), so all variables are presented in
units of (M). The separation of the black holes of the examples provided is approximately 2 M, although we have been
able to run simulations with a separation as large as 8 M.

In Figure 3 the apparent horizons and apparent horizon tracks of an equal mass black hole collision are shown,
these data were output from the AHFinderDirect [13, 12] thorn. You can see the initial black holes (red and green)
start out spherical, begin to deform and after some time they form a common horizon (blue).

(a) (b)

Figure 3: Equal Mass Head-on collision, (a) time slices of apparent horizons, (b) horizon tracks.

Figure 4 shows the apparent horizon track for unequal mass collisions. Again you can see where the common
horizons form after a short time. The smaller black holes (green) travel a larger distance before the collision as
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expected.

(a) (b)

Figure 4: Horizon tracks of unequal mass head-on collisions, (a) 1:2 mass ratio, (b) 1:3 mass ratio.

It is also important to note from Figures 3 & 4 that the two individual black holes exist on the grid after a common
horizon is formed, this is purely numerical, in reality once a common horizon is formed we can consider the two black
holes as one. They in fact do not disappear from the grid until much later but a parameter is set to stop looking for the
individual horizons after a certain time.

We have also been able to do wave extraction for equal and unequal mass collisions, the gravitational waveform
in Figure 5 is an example of GW extraction from an equal mass head-on collision. These wave extraction data are
provided through the WeylScal4 and Multipole [15] thorns.

Figure 5: Wave Extraction at r = 20.0 M for and equal mass head-on collision.

In Figure 6 I show a convergence analysis of our code, the green wave has double the resolution of the lowest
resolution case. The finest resolution those simulations were 1/128 and 1/64 respectively. Notice the amplitude
increases with the resolution as expected.
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Figure 6: Convergence analysis of waveform for equal mass head-on collision, (green) highest resolution, (black, 3/4
highest resolution), (blue) lowest resolution (1/2 highest resolution).

5 Discussion & Future Work
We have successfully been able to simulate comparable mass black holes in head-on collisions using full numerical
relativity via the Einstein ToolKit. These results are promising for a stable head-on collision code. What is left to be
done is convergence analysis of unequal mass ratio simulations and continuing to test equal mass collisions with larger
separations and higher resolutions. We also must extract gravitational waves at larger radii as we want waveform for
an ideal observer (r →∞). This will require much larger grid sizes and runtimes.

Our goal is to compare the full NR code to the perturbative code created by my advisor to test the accuracy of
each. Keeping that goal in mind our next steps are to continue with head-on collisions at higher mass ratios (first 1:10
then hopefully 1:100) and to add spin to the black holes. Once we can successfully do higher mass ratio collisions and
add spin we will be able to compare results with that of the perturbative method.
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