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Abstract

Reduced basis methods are powerful tools for dealing with computa-

tionally intense optimization problems over parameter domains of PDEs.

The reduced basis method requires operators with affine parameter de-

pendence. Non-affine and nonlinear operators must have their parameter

dependent functions decomposed into an affine approximation.

1 Intro: RBM’s

Our reduced basis methods are used on static PDEs of the form:

L(x, µ)(u, u′, u′′, ...) = f(u, x, µ)

The goal of RBMs is to do an accurate and computationally cheap inter-
polation of the solution manifold across µ domain. That is, we are looking to
have cheap access to all solutions for µ ∈ [a, b]. A greedy algorithm is used as a
means to these ends. A greedy algorithm operates under the assumption that
a globally optimal basis can be found by minimizing error locally.

In order to make use of the reduced basis method framework, we rely on
parameter affinity in L(x, µ). An operator is affine with respect to it’s parameter
µ if it may be written like:

L(x, µ)(u, u′, u′′, ...) = g(µ)f(x)(u, u′, u′′, ...) (1)

A non-affine operator with respect to µ will involve a non-affine function.
This non-affine function can be approximated as a linear combination, affine
with respect to µ. We call this an affine decomposition. For non-affine function
h we seek:

h(x, µ) ≈

N∑

k=0

ck(µ)ξk(x) (2)

After decomposing the affine functions in L we may construct a new operator
L̃, which approximates L to machine precision. Now we may use the RBM
framework on our PDE.
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It is important to mention that the following non-affine decomposition al-
gorithms mirror the RBM algorithms very closely, the goal and means are very
similar. It is appropriate to think of the non-affine decompositions as a dimin-
utized version of RBMs.

Reduced basis method algorithms are decomposed into off-line and on-line
parts. The off-line procedure involves calculating the basis of the solution space.
The on-line procedure is the process of evaluating an approximation of some
solution u(x, µ), based on our pre-computed basis.

This on-line/off-line decomposition is the source of the computational ef-
ficiency of RBMs. The on-line procedure is computationally cheap, and it is
expected that someone using these algorithms would need to evaluate many so-
lutions u, so that the expense of the off-line component will be dwarfed by the
theoretical expense of direct solves/approximations of the PDE. [4]

2 Galerkin/Projection Method

There are several ways to calculate this affine decomposition. The galerkin
approach finds an orthnormal basis for h, we will call it ξ. This basis is literally
an orthonormalized sample set of h, chosen careful to ”pin down” error as in
interpolation. Once we have this basis, the decomposition looks like:

h(x, µ) ≈
N∑

k=1

< h(x, µ), ξk > ξk (3)

A sample set of parameter values is generated. The function to be approxi-
mated is evaluated on it’s domain at these sampled parameter values. The max
‖f(x, µi)‖∞ is chosen and normalized as the initial basis vector. All sampled
parameter values are approximated using this basis, choosing the one with the
highest error to add to the basis. The chosen samples h(x, µ̂k) are orthonormal-
ized using gram-schmidt to give us ξk

We write our µ’s which have been chosen as part of our basis as µ̂. The
process goes as:

î = argmaxj‖h(x, µj)−

N∑

k=1

< h(x, µj), ξk > ξk‖ (4)

h(x, µ̂k+1) = h(x, µî) (5)

ξk+1 = Orthonormalize[ξk, h(x, µ̂k+1)] (6)

The last line is meant to mean that the new h(x, µ̂k+1) is appended to the
set of ξ basis vectors and gram-schmidt orthonormalization is performed. Now
we have increased the dimension of our approximation space by 1.

The error convergence with respect to the number of basis vectors for eµx

and sin(µx) are here:
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Note the bottoming out of error on machine zero. Error convergence of a
2D problem with a 2D parameter:
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The 2D problem requires the square of the number of basis vectors that the
1D problem does, for comparable error. This is expected, there is simply more
information and it requires a larger basis to be represented.
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3 Collocation Method

The nonaffine decomposition can be done by collocation as well. The collocation
points are found along with the basis vectors using a greedy algorithm, tackling
error locally to reduce it globally. The first basis vector and collocation point is
chosen:

µ̂ = argmaxµ‖h(x, µ)‖∞ (7)

f1(x) = h(x, µ̂) (8)

ξ1(x) = f1(x)/max(|f1(x)|) (9)

x̂1 = argmaxx|f1(x)| (10)

Now we have a 1x1 system ξ(x̂) ∗ c = f1(x̂). We continue with a greedy
algorithm, choosing subsequent basis functions like:

µ̂ = argmaxµ‖h(x, µ)−

k∑

j=1

ξj(x) ∗ cj(µ)‖ (11)

fk+1(x) = h(x, µ̂)−
k∑

j=1

ξj(x) ∗ cj(µ̂) (12)

ξk+1(x) = fk+1(x)/max(|fk+1(x)|) (13)

x̂k+1 = argmaxx|fk+1(x)| (14)

The collocation points x̂ give us a square system, for a given parameter µ
we solve for cµ, and test error on the evaluation domain x. The µ for which the
error is the highest is where we sample h next. Our new basis vector is formed
from the residuals, IE the actual error. This error is normalized, providing a
linearly independent and normalized basis vector set.

The error convergence for this algorithm:
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Error does not get very low because I am unable to run the algorithm to
enough basis vectors due to implementation inadequacies(low speed). But the
rate of convergence is clear, demonstrating a healthy algorithm. Also it is
important to mention that the above errors are the maximum errors over the
sampled parameter space. Also, 50 points are used in the x space in each
direction.

4 Implementations

Here I describe the working MATLAB implementations of the algorithms de-
scribed above.

4.1 Galerkin

The code for 2D and 1D galerkin is included. For 1D:

• rbapprox4(f,k) approximates function handle f using k basis vectors.

• convplot.m makes the 1D convergence plot in this paper

• rbeval(xi,g) evaluates the cell array of basis vectors ξ for given vector of
spatiall sampled function g

The 2D case:

• rbapprox2d(f,k) - performs the approximation for a given function handle
and number of basis vectors
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• rbeval.m - identical to the above rbeval

• mkplot.m - makes the 2D galerkin convergence plot seen in this paper

4.2 Collocation

The collocation code is in a state of lesser completion. As you can see conver-
gence is appropriate, but the speed of the code is far slower than the galerkin.
This is a product of implementation inefficiencies rather than algorithmic defi-
ciencies. The offline procedure of finding the basis vectors is slow, but the online
component of evaluation is much faster due to lack of the many inner products
needed for galerkin.

The codes:

• colobasis4.m

• evfun(f,x) - helper function to evaluate a 2D dependent function f on
a sampled set of points x which are N × 2 vectors(2d tupples of space
points), outputting a vector of length N

• evmat(xif,x) - helper function as above, only now it takes a cell array of
functions xif, samples them at x, and outputs the results as a N ×K. for
K functions in xif

This code is not ready to incorporate into the greater RBM codes, as the
above galerkin codes are.
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