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Abstract

Parametric Partial Differential Equations arise in many areas of
applied mathematics and the natural sciences. Efficient numerical
simulations to these types of problems across a wide range of parame-
ter values presents a stiff computational challenge. The Reduced Basis
Method presents an efficient scheme for solving these types of prob-
lem. Utilization of this method however, depends on the knowledge
of a ’inf-sup’ constant across the parameter domain. Computation of
this constant is a nontrivial task, as it is defined in terms of eigenvalue
problems. The Successive Constraint Method, by framing the eigen-
value problem as a linear program, offers a computationally efficient
way of approximating the inf-sup constant. In this paper we will re-
view the progress made in implementing of this method for the new
collocation framework of the RBM.
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1 Collocation Reduced Basis Method

The Reduced Basis Method(RBM) is a technique developed to numerically
solve parametric Partial Differential Equations(PDEs) efficiently over a wide
range of parameter values. Naive methods of solving PDEs across a param-
eter domain (i.e. brute force parameter sweeps) have a prohibitively high
computational cost, when either high accuracy is desired or when the dimen-
sion of the parameter domain is greater than 1 or 2. This constraint is due
to the inherent computational difficulty of numerically solving many kinds
of PDEs with fixed parameters.

It is due to this computational cost that the number of actual PDE solves
must be kept to a minimum for any efficient parametric method. Before go-
ing into the details of the RMB, I will first restrict the types of problems that
will be spoken about in this write up. Though the method can be general-
ized to other cases, the problems dealt with in this package are all ’affine’,
’coercive’, and elliptic or steady state. Consider a PDE in the following form:

Lµ(u) = f (1)

Where Lµ is a parametric differntial operator depentant on a parameter
µ ∈ D, and D is some p dimensional bounded subset of Rp called the pa-
rameter domain. The requirement that Lµ is affine leads to the following
representation of the operator:

Lµ(u) = θ1(µ)L1(u) + θ2(µ)L2(u) + ...θk(µ)Lk(u), for some k ∈ Z (2)

We will make some further requirements on the solutions to equation 1.
One is that the solutions across the parameter domain be uniformly contin-
uous. The other is called the uniform inf-sup condition. This requirement
states that th eigenvalues of Lµ has some non-negative lower lowerbound for
all values of µ. The coercivity constant α(µ) is the square of this lower bound.

Now that we have fully charecterized the problem that we can solve, we
will now discuss the main idea of the RBM. Since the solutions live in an
infinite dimensional function space, approximation of the solution relies on
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choosing a finite basis for this space. The basis for the RBM consists of
a number of fixed parameter numerical solutions across the parameter do-
mains. These are called the truth approximations of your solutions, and thier
location in the parameter domain is chosen based upon a greedy algorithm
scheme. The details of this scheme will not be explored in this write up, but
it is important to know that this sceme is dependant upon knowing α(µ)
across the entire parameter domain.

After the basis functions Φj are chosen and calculated, each approxima-
tion solution across the parameter domain can be represented as finite sum
of these basis functions:

u(µ) =
n∑
j=1

cjΦj

This method was originally formulated in the Galerkin framework. This
means inherent compatibility with finite element, spectral element, and dis-
continuous Galerkin methods as the ’truth solvers’. The recently developed
collocation framework of the RMB extends the utility of these methods to
pseudo-spectral collocation methods.

2 Successive Constraint Method Introduction

The successive constraint method was developed as an efficient way of cal-
culating the coercivity constant α(µ) across the entire domain. This number
is needed for the greedy algorithm scheme mentioned above, but finding it
is nontrivial. Define LL(µ) to be the pseudo spectral matrix discretization
of L, at one point µ in the parameter domain, transposed and multiplied by
itself. Now we can define α:

α(µ) = inf(Eig(LL(µ))

Usually smallest eigenvalue problems are solved by a method such as
Rayleigh Quotient iteration, but due to the size of the parameter domain
and the size of the matrix LL(µ) these methods are vastly inefficient. The
Successive Constraint Method was developed as a way of aprroximating α
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efficiently by framing it as the solution to a linear programming problem.

The framing of a linear programming problem takes three things. Definin-
tion of a problem domain, an objective function to minimize, and constraints.

The matrix LL(µ) defines the problem domain. By definition LL(µ) has
an affine series representation, in terms of (in our case) Chebyshev differen-
tiation matricies (after the multiplication by transpose):

LL(µ) = θ1(µ)D1 + θ2(µ)D2 + ...θm(µ)Dm (3)

Let [−sj,+sj] be the real interval defined by the smallest and largest
eigenvalues of the matrix Dj for j = 1,2,3...m. The linear programming do-
main will be defined as the m dimensional hypercube generated by taking
the products of each [−sj,+sj] interval.

The objective funciton also is derived from the affine representation of
LL. For a fixed µ the objective function is given by:

f(y) = θ1(µ)y1 + θ2(µ)y2 + ...θm(µ)ym

Now all that is needed are the constraints. The constraints of the linear
program are dependent on the nearest neighbors of the point on the param-
eter mesh for which we are solving the linear program.

Let the nearest neighbors of our solve point µs be denoted by nk for
k = 1 : 8, and the smallest eigenvalues of C(µ) for points mj are Ej. We now
define the constraints of the linear program to be:

α(nk, y) ≥ 0

α(mj, y) ≥ Ej

Note that some of the constraints are defined in terms of the smallest
eigenvalues at fixed points in the parameter domain. These represent the
successive contstaints from which the method gets its name.

The algoritm for the successive constraint method is as follows:
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1. Pick a staring point m0 ∈ D and solve for E0 = α(m0) as an eigenvalue
problem and store corresponding eigenvector.

2. Solve the linear program at every point along your mesh and to generate
LB a vector of lower bounds.

3. Use stored eigenvectors to find UB a vector upperbounds.

4. Calculate UB−LB
UB

across and choose mi to be the point where this value
is largest.

5. Solve the eigenvalue problem at mi to add more constraints to the
linear programming problem.

6. Return to step 2 until sup
(
UB−LB
UB

)
is less than some tolerance.

3 Test Problems

This algorithm is to be tested on 2 elliptic test problems. The first of which
is a Hemholtz like equation in 2 dimensions. The parameter domain is of
dimension 2 and is defined to be a unit square centered at the origin. The
boundary conditions are homogenous Dirichlet on all sides of the spatial
domain.

−uxx − µ1uyy − µ2u = f

The second problem has similar boundary conditions and parameter do-
main. It is a diffusion type problem of the form:

(1 + µ1x)uxx + (1 + µ2y)uyy = f

These problems will be discretized using a Chevyshev Pseudo-Spectral
method. This leads to the fact that the form of the affine representation of
LL is identical for both cases with regaurd to the coefficient functions Θi.

4 Implementation and Results

The implementation of this algorithm is to be carried out in MATLAB. As it
currently stands my implementation has not been shown to converge in any
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of the test runs of the problem. This issue results from our dependance on
Matlab’s native ’linprog()’ function. For about 30% of points on the param-
eter mesh our programs considers the linear program ill conditioned. This
issue stems from how the linear programming domain is found. The addition
of the hypercube bounds seems to make the linear program inconsistant in
many cases.

Since these bounds are calculated using an eigenvalue solver, the condi-
tioning of the differentiation matricies has a large effect on the accuracy of
the bounds. Chebychev differentiation matricies, being full, may have espe-
cially bad conditioning numbers. Estimates of the condition number using
matlab’s ’condest’ function returned values with an order of magnitude of
O(1018). This high value indicates a very difficult eigenvalue problem to
solve.

Until the problems around the linear program’s inconsistancies are re-
solved, the project is at a bit of a stand still. As a result we are still techni-
cally in the debugging phase of development.

5 Future Work

The first goal is completion of the Matlab code for the test cases. Once this is
accomplished the next step is to implement more efficient vairiants of SCM.
The current technique used is suboptimal as the convergence of the method
may be oscillatory. Development of new SCM variants are an area of great
interest, and where we will be looking to in the future.

We wish to develop our current code to the point where it may be released
online to be used by other groups intereest in RBMs. This requires much
generalization of the methods we have implemented only for two test cases.
The end goal of this would let the SCM be carried out regardless of whether
the discretizattion is framed in the Collocation of Galerkin methods. End
user interface and visualization are two aspects of the final product which
will be emphasized.
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