
Abstract

The project I am working on is on an area of Fourier Series, specif-
ically heat conduction on a rod. How was this equation formulated?
To answer this question, a series of steps and thought have to go into
play. Heat is concentrated at one end of a rod with length (L) and
radius (r). The equation is derived by means of taking two cross sec-
tional points on the rod. By experiment, thermal conductivity, k, is
multiplied by the area, A, multiplied by the quotient of temperature
change divided by the diameter, d. The flux term must then be for-
mulated. It is defined as H(x0,t) and then the limit is taken as d
approaches zero. Heat flow, Q, is then the difference in flux terms
as heat passes the rod from left to right and right to left. Delta t,
change in time, is then multiplied to Q since it does take time for heat
flow to traverse. Also, the materials parameters, as mentioned earlier,
are put into the equation. Two Q terms are formulated and equated.
They then both are divided out by the change in time, t, and change
in distance, x. This then becomes the heat equation. I have come
to learn that, like energy, heat flows. Heat flow is a time dependent
variable. I have also learned that the heat equation is similar to the
wave function. The thermal diffusivity constant, alpha can be either
a real or complex number. In the future I wish to study more about
the heat equation and partial differential equations and also compare
the heat equation with the wave equation. The classical problem of
the temperature distribution in a rod has been well studied. In this
talk, Fourier Series is used to evaluate the problem and then com-
pare numerical methods for the solution of the problem under many
physical conditions. The material of the rod is one of the important
physical conditions because it consists of density, mass, specific heat
and thermal diffusivity parameters.
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To understand the heat equation we need to dissect the given information
of the problem. Here we are given a rod with a length l and diameter d. Next,
we take two cross sections of it and call it x = x0 and x = x0 + ∆x.

First, we look at the length, l, of the rod with an area, A. We then look
at two cross sections within the rod at x = x0 and x = x0 + ∆x where ∆x
is the change in length between two arbitrary points on the rod. Through
experiments, it has been concluded that the amount of heat per unit time is

kA
|T2 − T1|

d
.

k is the thermal conductivity constant for the material of the rod.
Next, the flux term is formulated. Flux is flow and is defined as H(x0, t).

If we take

− lim
d→0

kA
u(x0 + d

2
, t)− u(x0 − d

2
, t)

d
= −kAux(x0, t),

the rate at which heat flows from left to right through x = x0 + ∆x is
formulated to be

H(x0 + ∆x, t) = −kAux(x0 + ∆x, t).

The minus sign denotes the positive flow of heat from left to right leading
into the cross sections of the rod.

We then come up with a net rate of Q (heat flow), which is

Q = H(x0, t)−H(x0 + ∆x, t) = kA[ux(x0, t)− ux(x0 + ∆x, t)].

2



We do this because it is the net rate at which heat flows between x = x0 and
x = x0 + ∆x. Then we multiply both sides by ∆t because it is the amount
of heat entering the rod in time ∆t. Within the time interval ∆t there is a
change in temperature ∆u.

∆u =
Q∆t

s∆m
=

Q∆t

sρA∆x

where s is the specific heat of the material, ρ is the density of the material
and m is the mass. Both variables s and ρ can be considered constant
because each have small values. The dependence of these two constants on
temperature can be neglected. This is the absorption term.

The temperature change ∆u is the same temperature change at a point

x = x0 + θ∆x, 0 < θ < 1.

To arrive at this equation we equate

Q∆t

sρA∆x

with

u(x0 + θ∆x, t+ ∆t)− u(x0 + θ∆x, t)

to obtain

Q∆t

sρA∆x
= u(x0 + θ∆x, t+ ∆t)− u(x0 + θ∆x, t)

and sρA∆x was multiplied out to the other side. Q∆t is replaced by

kA[ux(x0 + ∆x, t)− ux(x0, t)]∆t.

If we then divide

kA[ux(x0 + ∆x, t)− ux(x0, t)]∆t = sρA[u(x0 + θ∆x, t+ ∆t)− u(x0 + θ∆x, t)]∆x

by

∆x∆t
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and let them approach zero, the heat conduction equation is then derived as

α2uxx = ut

where α2 is defined by k
ρs

. This is known as the thermal diffusivity. These
are the constants talked about earlier and are dependent on the material of
the rod.

Naturally, we begin to see an ordinary differntial equation begin to for-
mulate when we add boundary conditions on the rod. Typically, we maintain
constant heat and insulation at one end to prevent cooling and/or heating.
By doing so, we can set the equatioin −kAux(x0, t) with x = 0 to obtain
−kAux(0, t). Likewise, we can set this equation with ux = 0 to produce
ux(0, t), since we can assume the rate of flow of heat and the temperature
at the end of the rod are proportional. This yields a boundary condition
ux(0, t)− h1u(0, t) = 0, t > 0, where h1 is a nonnegative constant.

To obtain a boundary condition for time, we can set t = 0 and obtain
u(x, 0) = f(x), 0 ≤ x ≤ l.
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