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Global Approximation in
Orthogonal Bases

Smooth functions can often be globally approxi-
mated by an infinite series in some polynomial ba-
sis Ψk, which are orthonormal with respect to some
weight, so that f (x) = Σkf̂kΨk(x). Truncations of
this infinite series, provide approximations of f (x).
Expansion coefficients can be found exactly by the
following integral.

f̂k = (f,Ψk)w =
1∫
−1
w(x)f (x)Ψk(x)dx

Collocation And Aliasing

When f (x) is not known exactly, but is given in
terms of a finite sampling of a signal, we can also
construct a global approximation calculating our ap-
proximate expansion coefficients f̃k by collocation.
fN(x) =

N∑
k=0

f̃kΨk(x), where fN(x) ≈ f (x).

Aliasing error occurs in collocation approximations
when the sampling vector x̄ is too sparse to recover
the details of the sampled waveform. In other words
the highest "frequency" coefficients are missed, and a
lower frequency wave is aliased to the sample vector.

The Gibbs Phenomenon

The Gibbs phenomenon occurs in finite series repre-
sentations of discontinuous functions. It is marked
by sharp oscillations at the discontinuity and a
much slower rate of convergence when compared to
smooth functions.

Figure 1: Gibbs Phenomenon

Gegenbauer Reprojections: Removing to the Gibbs Phenomenon

In many applications from medical imaging, to numerical solutions to PDEs, the Gibbs phenomenon is a hurdle to be overcome. The virtues of spectral approximations
on smooth functions, exponential convergence of a global approximation, are lost in application with discontinuities. A solution to this problem can be found reprojecting
our spectral approximation, along smooth regions of the function, in a Gegenbauer polynomial basis.

GegenbauerPolynomial : Gλ
k+1(x) = 2(k + λ)

k + 1
xGλ

k(x)− k + 2λ− 1
k + 1

Gλ
k−1(x), k ≥ 2, Gλ

0 = 0, Gλ
1 = 2λx

Figure 2: Saw-Tooth Wave

Blue: Fourier Approximation, Magenta:
Gegenbauer Reprojection

Reprojecting Collocation
Approximation With Little

Aliasing

In Figure 2 we see the Gegenbauer reprojection of
the saw tooth wave. As discussing in [1], there is
good numerical evidence to suggest that exponen-
tial convergence is recovered for collocation approx-
imations with little aliasing. The figure shows the
Gegenbauer reprojection very nearly matching the
original sawtooth wave.

Figure 3

Exact: Black, Fourier: Green, Gegenbauer: Blue
λ = 5,m = 5, N = 25

Reprojecting an Aliased
Approximation

The test function f (x) = x + sin(50e−x4
x), x ∈

[−pi, pi] provides an example that will both demon-
strate the gibbs phenomenon and aliasing. Our
numerical evidence suggests that that Gegenbaur
reprojection may be highly unstable even on very
smooth regions of a function when the spectral ap-
proximation has a moderate degree of aliasing. See
Fig. 3

Further Goals

- Clarify what conditions lead to unstable Gegen-
bauer reprojections for the test function
- Collect numerical results for test function in
Chebyshev and Legendre bases
- Find Gegenbauer parameters that optimize for
functions that are both highly oscillating and dis-
continuous
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