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Abstract

The technique of Gegenbauer post processing was developed in order to resolve the prob-
lem of the Gibbs Phenomen in polynomial and trigonometric approximation of discontinuous
functions. While developed for approximation using exact coefficient methods, it’s use has
been expanded to collocation approximations. In spite of a lack of a formal proof of the
method’s accuracy, numerical evidence strongly suggests Gegenbauer post processing is as
valid for collocation methods as Galerkin methods. Numerical experiments to understand how
aliasing in the collocation coefficients effects Gegenbauer would help to further understanding
of the method’s range of use.
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Introduction

1 Function Approximation
Approximation is an essential tool in applied mathematics. In many cases, rather than an explicit
function f(x), only a finite amount of data points, f [x̄] are collected from experimental data. To
understand the nature of the process which generated the discrete sample of points, it is useful to
approximate f(x) in terms of functions are that well understood, and are susceptible to the tools
of calculus. Even if f(x) is given explicitly, it may be that the derivative or anti-derivative does
not have a solution in terms of functions that are calculable, or any closed form. In these cases
approximation becomes necessary in order to obtain any kind of results.

While there are many methods for local approximations, like cubic splines, certain applications
lend themselves, or require, global approximations. For a function f(x), which is square integrable
on some domain x ∈ [a, b], there exists a ”polynomial” series expansion which converges to f(x)
in the limit.

f(x) =
∞∑
k=0

f̂kΨk(x)

By truncating this series to N terms, we introduce truncation error into the equation. The
truncated series, no longer equal to f(x), becomes a series approximation of the original function,
fN(x).

f(x) ≈ fN(x) =
N∑
k=0

f̂kΨk(x)

This series is constructed by our basis functions Ψk(x), which are usually chosen to be or-
thonormal polynomials such as Chebyshev polynomials or trigonometric polynomials, and the
expansion coefficients f̂k. The basis functions are first chosen, then the expansion coefficients
must be calculated, in order to build the approximation.

1.1 Galerkin Coefficients
For a domain x ∈ [−1, 1] and a basis Ψk(x) orthonormal on x, the expansion coefficients can be
calculated exactly by the following integral, where w(x) is the weight of orthogonality:

f̂k = (f,Ψk)w =

1∫
−1

w(x)f(x)Ψk(x)dx (1)

These exact (or Galerkin) coefficients are ideal, but their use is limited in that their calculation
needs not only an f(x) which is explicitly given, but also that the integral be solvable. These are
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strict conditions and are immediately violated by any application where we are limited to only a
discrete sample of a function f [x̄].

1.2 Collocation Methods
When the task of calculating the Galerkin coefficients is impractical or impossible, a method of
finding approximate coefficients f̃k is needed. One method is to simply evaluate the integral in
Eq. 1 by some quadrature rule, but should we want our approximation fN(x) to equal f [x̄] for the
known values of x, or collocate, this method is insufficient. To find coefficients that satisfy the
collocation condition, fN(xi) = f [x̄i] where xi are the collocation points, we must set up a system
of linear equations.

Ψ0(x0) Ψ1(x0) . . . ΨN(x0)

Ψ0(x1)
. . . ...

... . . . ...
Ψ0(xN) . . . . . . ΨN(xN)




f̃0
...
...
f̃N

 =


f(x0)

...

...
f(xN)


Solving the above system allows us to build a collocation expansion, which (hopefully) approx-

imates the function that generated our sample data f [x̄]. In practice this system is rarely solved
directly. Instead if the basis Ψ(x) is orthonormal, we can find a matrix transform W which reduces
the solution to the system to a matrix vector multiplication f̃k = Wf [x̄]. In the case of Fourier
basis, W is the Discrete Fourier Transform matrix, and in Chebyshev basis the Discrete Chebyshev
Transform matrix. For these specific bases, the multiplication can be done in O(nlog(n)) time by
the use of the Fast Fourier transform, and similar algorithms.

2 Aliasing
With the process of collocation a new source of error is introduced into the approximation. In the
Galerkin approximation truncation error is the only factor in the accuracy of the approximation.
In the collocation approximation, aliasing effects the convergence of the scheme. Aliasing occurs
when the function is sampled at a rate which fails to capture the structure of function being ap-
proximated. For instance, a wave which is sampled at a rate lower than it’s highest frequency, or
there are less than 2 collocation points per wavelength, the Fourier approximation will ”alias” to a
lower wavelength, and fail to capture the small scale behavior of the function.
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Figure(1): An Aliased Wave

Fig.1 shows a dramatic example of aliasing. Based on the distribution of collocation points,
the approximation(blue) fails to capture the frequency of the original wave(red). Generally we will
look at aliasing error to be the difference between the collocation and Galerkin coefficients.

AliasingErr. = |f̂k − f̃k| (2)

3 Gibbs Phenomenon
For functions which are smooth, approximations in orthonormal bases converge spectrally, or that
the approximation error decreases exponentially with respect to the amount of terms in the series
expansion. Smoothness is not, however, a necessary condition for the convergence of approxima-
tions. Even functions with discontinuities can be globally approximated.

Figure(2): Fourier Approximation of a Square Wave

Figure 2 shows Fourier approximations of increasing degree, edging closer to an approxima-
tion of a square wave. Note how despite the increasing degree of interpolant, the maximum error
(the amplitude at the discontinuity) does not decrease. This spike is characteristic of the Gibbs
phenomena. When approximating functions with discontinuities, the convergence of polynomial
and trigonometric approximations instead of converging like O(C−N), or spectrally, it scales lin-
early O(N). This loss spectral accuracy, and the spike at the discontinuities together comprise the
Gibbs phenomenon.

4 Gegenbauer Post Processing
The Gibbs phenomenon presents a large hurdle for global approximation schemes. In many ap-
plications, data is collected in the frequency domain, or equivalently, it is only the spectral coef-
ficients that are known. In these scenarios the Gibbs phenomenon is not something that may be
circumvented by simply adjusting the approximation scheme, but is inherent in the way the data
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is collected. For this reason it is important to develop a method which may alleviate the Gibbs
phenomenon when f(x) is not know, but rather only fN(x) is. It was to this end that the technique
of Gegenbauer post processing was developed.

Gegenbauer Polynomials arise as solutions to the Gegenbauer differential equation:

(1− x2)y′′ − 2(µ+ 1)xy′ + (v − µ)(v − µ+ 1)y = 0

They are defined by the recurrence relation in Eq.3, with λ being a free parameter.

Gλ
k+1(x) =

2(k + λ)

k + 1
xGλ

k(x)− k + 2λ− 1

k + 1
Gλ
k−1(x), k ≥ 2, Gλ

0 = 0, Gλ
1 = 2λx (3)

This family of polynomials is orthogonal under the weight w(x) = (1− x2)λ− 1
2 .

4.1 Re-projection of fN(x)

Given a spectral Galerkin approximation fN(x), which suffers from the Gibbs phenomenon, by
re-projecting in a Gibbs-complimentary basis, spectral accuracy can be regained along smooth
regions. Gegenbauer polynomials are a Gibbs-complimentary basis for Fourier and Chebyshev
approximations.The Gegenbauer approximation of f(x) generted from post processing, is now
no longer a global, but rather a piecewise approximation on the intervals of x for which f(x) is
smooth.

The piecewise nature of post processing requires knowledge of the locations of the discontinu-
ities. When the jumps are located the domain x ∈ [a, b], it is then split into D + 1 subintervals,
where D is the number of discontinuities (boundary conditions not included). Each of these sub-
domains is then mapped to [−1, 1] the domain on which Gegenbauer polynomials are orthogonal.
A Gegenbauer approximation of f(x) is then calculated along each of these subdomains using the
spectral approximation fN(x). The Gegenbauer expansion coefficients are found by the following
integral:

ĝλl =
1

hλ

∫ 1

−1
(1− ξ2)λ−

1
2fN(ξ(x))Gλ

l (ξ)δξ, l = 0, 1, 2...m (4)

Where m is the degree of the polynomial to be fit and ξ is the mapped subdomain of x. The
proof of the spectral convergence for this expansion can be found in a paper by Gottlieb, Jung, and
Kim [1]. The proof, however, relies on the Galerkin spectral approximation. For the collocation
approximation there is a weak proof of convergence [1], but it requires that f(x) is not directly
collocated, but rather f(x) is convolved with a windowing function αλ(x) before collocation in
order to ensure convergence. Gottlieb et al. do present numerical evidence in [1] that implies
that this convolution technique is unnecessary, and that Gegenbauer post processing is an effective
method for removing the Gibbs phenomena in standard collocation procedures.
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Figure(3): Fourier Approximation and Re-projection of Sawtooth Wave

4.2 The drawbacks of Post-Processing
Gegenbauer re-projections do provide a solution to the Gibbs phenomenon on the subintervals
where f(x) is smooth. It is however not with out it’s flaws. In order to construct the subintervals
where f(x) is smooth, either prior knowledge of the locations of the discontinuities is needed,
or approximations of this location using edge detection algorithms must be used. There is also
the issue of choosing the correct Gegenbauer expansion parameters λ and m. The correct choice
of these parameters is essential in ensuring the convergence of the scheme. Furthermore as each
subinterval requires it’s own expansion, there is no guarantee that the parameters on one domain
will be appropriate for another. Work on Gegenbauer parameter optimization has been done in a
number of papers by A. Gelb [4] [5], but the implementation (and comprehension) of this work
proved to be beyond the scope of this student group.

Another source of concern is introduced in the form of the Runge Phenomenon. As shown in
a paper by J. Boyd [3], the parameter m must not be allowed to grow linearly with the amount of
spectral coefficients. In other words, if the degree of the Gegenbauer is allowed to grow to high, a
form of the Runge phenomenon (the instability that develop when collocation polynomial approx-
imations on evenly spaced or Fourier points) the method fails to converge.

5 Semester in review
As stated in section 4.1, there is no formal proof of the efficacy of Gegenbauer post processing in
removing the Gibbs phenomenon for standard collocation approximations. Our goal over the past
semester was to examine how exactly aliasing error (as defined by eq. 2), effects the convergence
of Gegenbauer re-projections. To this end we have utilized Scott Sarra’s Matlab Post Processing
Toolbox (MPT) [2], to compute the post processed approximations.
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Over the course of the semester we have had many false starts. The most revealing of these
mistakes was our attempt to post process a function that was deliberately under sampled. Figuring
that aliasing error would be most pronounced in a function that was highly oscillatory we created
the test function f(x) = x + sin(50e−x

4
). This provided a functions who’s oscillatory behavior

damped out at the boundaries to provide a region on which our Gegenbauer expansion might re-
cover accuracy, and also included non periodic boundaries to ensure the appearance of the Gibbs
phenomenon when approximating in Fourier basis.

Figure(4): The Inappropriate Test Function

This proved to be a fruitless path. In order to get any sense of convergence in a polynomial
approximation of an oscillatory function, you need your degree to increase for every local min or
max on your domain. Trying to get convergence towards then edges of our function, the smooth
regions, when trying to fit a low order polynomial to the oscillatory middle region, was too much
to hope for. If we try to increase m to a degree where the oscillations may be expressed by our
approximation, we would either have m increasing linearly with N , ruining the convergence by
the introduction of the Runge Phenomenon as discussed in [3], or for m > N we would begin to
approximate fN(x), increasing the order of the polynomial to capture the features of oscillations of
the Gibbs phenomenon. Fig. 4 shows a Gegenbauer approximation (blue) harshly diverging from
the test function (black).

While we were able to get results as to the aliasing error in the Fourier coefficients of our
chosen test functions, the square and sawtooth wave. We were unable to construct a reliable way
to generate a Gegenbauer re-projection from the Galerkin Coefficients using MPT. In many cases
the grp function would work for the collocation approximation, but would become unstable when
the input was a vector of exact Fourier coefficients. Due to a lack of programming experience in
the group, and the complexity of methods at hand, we were unable to attain reliable numerical
evidence as to either aliasing in the Gegenbauer expansion coefficients, or evidence as to how
quickly the collocated Gegenbauer approximation converges to the exact coefficient Gegenbauer
expansion.
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6 Future Goals
• The ultimate goals of this group were not met over the course of the past semester, Gathering

the numerical evidence that we currently lack remains the priority for any further work on
this project

• Examine whether methods of parameter optimization differ for collocation and exact meth-
ods
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Appendices
A Codes

clear all; %close all
k = -25:25;
x = linspace(-1, 1, 51);
c = fft(x);
fhatc= fftshift(c)/50;
for b=1:50;

ik=b-26; % this moves the index 1:n to -N2 to N2, but see Remark below
fhatc(b)=exp(1i*ik)*fhatc(b);

end

fhatg=((2*k.*cos(k))*1i - 2*sin(k))./(2*k.ˆ2);
fhatg(26)=0;
aliaserr = abs(fhatc-fhatg);
%plot(k,aliaserr);

Npoints=100;
xx=linspace(-1,1,Npoints);
for q=1:100

fn(q)=0;
for a=1:51;%

ia=a-26;
fn(q)=fn(q)+fhatg(a)*exp(1i*ia*(xx(q)));

end
end
fn=real(fn);
fn;
%figure
%plot(xx,fn,’b’)
[fi,ak] = fourierInterpolation(x,xx);

[ugg,ghg] = grp([-1,1],[4],[4],fhatg,xx,0);
[ugc,ghc] = grp([-1,1],[4],[4],fhatc,xx,0);
[ugk,ghk] = grp([-1 , 1],[5],[5],ak,xx,0);
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