
Fourier Series

Andrew Davey, Hillary Havener, and Leah Isherwood
University of Massachusetts Dartmouth

CSUMS fall

December 19, 2011

Abstract

The Fourier series and methods of numerically approximating it have been active areas of research for over
200 years. In this paper we attempt to give the reader an introduction to the Fourier series and some insight into its
applications, as well as a review of various methods for calculating a Finite Fourier series using Galerkin, Quadrature,
and Interpolation methods. We will also present our results relating the aliasing error of the Galerkin method to that
of a collocation method.

1 Introduction To Fourier Series
The development of the Fourier series and the beginnings of the field of Harmonic Analysis can be traced back

to France at the beginning of the 19th century. In the year 1804, Jean Baptiste Joseph Fourier published a paper
dealing with a solution to a specific form of the heat equation. In order to derive his solution he utilized an infinite
series expansion with trigonometric terms. While some work on trigonometric expansions had been done by earlier
mathematicians, Fourier legitimized their use. By deriving a general solution to the heat equation, at the time an open
and difficult problem, Fourier could be said to have started the field of Harmonic Analysis. Due to this work, the
infinite series used in his work bears his name.

f(x) =
1

2
a0 +

∞∑
n=1

an cosnx+

∞∑
n=1

bn sinnx (1)

Eq.(1) is the general, trigonometric form of the Fourier series. This equation states that a function f(x), when it
meets certain criteria, can be written as an infinite series of trigonometric terms. In order to rebuild f(x), one only
needs to recover an and bn or the trigonometric Fourier coefficients. As the amount of terms you take goes to infinity,
the series of trigonometric functions will converge to f(x).

In the trigonometric form of the Fourier series Eq.(1), we must calculate two coefficients, for both the sine and
cosine terms. We know, however, that sine and cosine functions can be expressed in the form of a complex exponential
thanks to Euler’s formula.

eiθ = cos θ + i sin θ

This relation gives rise to a more compact formulation of the Fourier series:

f(x) =

∞∑
k=−∞

f̂(k)eikx (2)

Eq.(2) is the complex form of the Fourier series, where f̂(k) are the complex Fourier coefficients. In this form,
one set of complex coefficient provides the information contained in both the sine and cosine coefficients. In order to
calculate these coefficients we must use integration. Here we will assume f(x) is periodic, with a period length of 2π.
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f̂(k) =
1

2π

∫ π

−π
f(x)e−ikxdx (3)

Fourier expansions of functions are extremely useful in that they are able to express complicated functions, whose
properties may be unknown to us, in familiar and well understood terms. Using the Fourier series we can take a
discontinuous function, like a square wave, and construct a continuous, differentiable approximation by computing
the terms of it’s Fourier expansion.

Figure(1): Finite Fourier series expansion of a square wave, N=8

These aspects of the Fourier series give it a wide appeal and range of uses. Across nearly all the mathematical
sciences, and in disciplines such as audio and image processing Fourier series have proven to be a powerful and
invaluable mathematical tool. The large and widening use of the Fourier series coupled with modern computing power
has created a need for a deeper mathematical understanding of the Fourier series, its shortcomings, and the numerical
techniques used to approximate it. It is to these ends that we have directed our research over the last three months.

2 Finite Fourier Series
Eq.(2) expressed the expansion in terms of an infinite sum, with k going from −∞ to∞. With these bounds the

series converges to f(x), but these are hardly appropriate bounds for numerical solutions. For many applications we
must content ourselves with an approximation of f(x), which we achieve by truncating our infinite Fourier series to
2N + 1 terms.

f(x) ≈
N∑

k=−N

f̂(k)eikx (4)

Eq.(4) we will refer to as the Finite Fourier Series (FFS) of f(x). Fig(1) shows the FFS of the square wave
function with N = 8. While this is clearly a rough approximation, as N increases the approximation will come closer
and closer to our original function. We are, however, again tasked with finding f̂(k).

2.1 Methods for Approximating the Finite Fourier Series

There are three approaches to getting f̂(k); one which evaluates the integral in Eq.(3), and two methods that
calculate approximate coefficients.
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2.1.1 Galerkin(Exact Coefficients)

For many functions the integral in Eq.(3) can be evaluated exactly. Using this method we arrive at a continuous
expression for the coefficients of f(x) on a domain k (In Eq.(3) f̂(k) is also known as the Fourier Transform of
f(x)). To construct the FFS of f(x) we choose a finite set of x values on which we calculate f̂(k) and then use those
coefficients in our expansion.

2.1.2 Quadrature

While the Galerkin exact approach can be calculated for many function, it requires an improper integral to con-
verge. Solving this integral analytically is possible for some functions, but causes problems if f(x) isn’t well defined,
or if the integral doesn’t converge. This causes a problem for many applications where f(x) may not be a continuous,
differentiable function, but rather f [xj ] a finite vector of points. This type of data arises in many fields, whether it’s a
data set from an experiment in physics, or a sampling of an audio signal.

In these cases it is best to try and approximate the Fourier coefficients. One method for calculating approximate
Fourier coefficients f̃k is by trying to evaluate the integral in Eq.(3) numerically using a numerical method.

f̃k =

N∑
k=−N

f [xj ]e
−ikxj (5)

Eq.(5) is the quadrature method for calculating the quadrature coefficients f̃k, where j = [1 : 2N + 1]. Note that
when using quadrature to construct your expansion you suffer error, not only from the truncation of the Fourier Series
as in the Galerkin method, but also from using a numerical integration to evaluate f̃k.

2.1.3 Interpolation

Another technique to evaluate approximate coefficients is by interpolation. Here we represent the partial sum as a
linear system with E being a matrix of complex exponentials.

f [xj ] =

N∑
−N

f∗k e
ikxj −→ f = Ef∗ (6)


ei(-N)x0 ei(-N+1)x0 . . . ei(N)x0

ei(-N)x1
. . .

...
...

. . .
...

ei(-N)x2N+1 . . . . . . ei(N)x2n+1




f∗-N
...
...
f∗N

 =


f(x0)

...

...
f(x2n+1)


By numerically inverting the matrix E we can multiply both sides by E−1 to solve for a vector of our interpolation

Fourier coefficients. One of the the benefits of using an interpolation method over quadrature is that the Fourier
expansion with interpolation coefficients must collocate to f [xj ] when evaluated on the same points.(Quadrature may
collocate under certain circumstances)

2.2 Discrete Fourier Transform
There is a special form of Eq.(5), called the Discrete Fourier Transform (DFT), which allows the Fourier expansion

to collocate when evaluated on the points [xj ], where j, k = [1 : M ] and ω = e
−2iπ
M . In order for this equation to

collocate, the elements of [xj ] must be evenly spaced on the interval in which you are evaluating the DFT.

f̃∗k =

M−1∑
k=0

f [xj ]ω
jk (7)
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Eq.(7) can be expressed as a matrix equation in the form f̃∗ = Wf where W is an M ×M matrix and f̃∗ is a
vector of the DFT coefficients of f [xj ].

W =
1√
M


1 1 1 . . . 1
1 ω ω2 . . . ω(M−1)

1 ω2 ω4 . . . ω2(M−1)

...
...

...
...

1 ω(M−1) ω2(M−1) . . . ω(M−1)(M−1)


This matrix allows us to express the quadrature form of calculating the coefficients as an inner product. This DFT

matrix allows us to generalize calculating Fourier in a way that depends only on the value for M and does not require
the inversion of a matrix system. Furthermore from the properties of this matrix W an extremely efficient algorithm
for calculating the DFT, called the Fast Fourier Transform (FFT), can be developed. We were not able to develop a
firm understanding of the derivation of the FFT this semester, therefore we will not attempt to include and explanation
in this paper. It remains a goal of the group for another semester.

3 Understanding Error
Whenever a continuous process is discretized and calculated using a numerical method, the problem of error

analysis must be addressed. When applying numerical Fourier series two problems emerge as the main sources of
error. The first is the error that results from taking a truncation of an infinite series. This error is reduced by simply
expanding the partial sum in Eq.(4). The second source of error arrises when the Fourier coefficients must be evaluated
numerically. These errors come either from numerical integration in the quadrature method, or from a numerical
method used to solve the matrix system in Eq.(6). Error in Fourier approximations emerge in the form of aliasing, and
on discontinuous functions, the Gibbs phenomenon.

3.1 Aliasing
Aliasing occurs when certain waveforms are indistinguishable when sampled at the same points. Consider the

following figure. Below two functions are graphed, sin(x) and sin11(x). If these two functions were sampled only at
the points x = π

2 and x = −π
2 it would be impossible to distinguish between the two waves.

Figure(2): sin(x) vs. sin11(x)
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Aliasing becomes a problem in Fourier expansions when the expansion does not contain enough terms to match
a dynamically changing function. This error is shown by the Fourier expansion of a function oscillating above and
below the original function as in Fig(1). In order to reduce aliasing error one must compute more Fourier coefficients
and expand the partial sum.

3.2 Gibbs Phenomenon
The Gibbs phenomenon is a type of error that occurs when the Finite Fourier series is evaluates for a function that

is discontinuous. The square wave function has a periodic jump discontinuity . When we construct a Fourier series
expansion of this function we can see the type of error that occurs at the jump.

Figure(3): Finite Fourier series expansion of a square wave, N=50

Even with a high number of terms in the Fourier expansion we see that there is large oscillating error on either
side of the jump discontinuity. This type of error is a major drawback to Fourier series and their utility, as it cannot be
reduced simply through an increase in sampling as shown in fig(4).
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Figure(4): Finite Fourier series expansions of a square wave, Increasing terms

Many techniques have been developed in order to eliminate the Gibbs phenomenon. Next semester we plan
to investigate a technique involving Gebenbaur polynomials for post processing, and it’s effect on both the Gibbs
phenomenon and aliasing.

4 Conclusions/Results
The majority of our time this semester was spent trying to gain an understanding of the Fourier series. We did,

however, begin to collect some useful data in these past few weeks. Utilizing a code written by Dr. Sigal Gttlieb, which
utilized Matlab’s FFT to build a Fourier series, in conjunction with our code for finding the Galerkin coefficients of a
square wave, we have been able to compare the two methods and collect data on their error. To calculate the difference
in Aliasing error, we constructed 2 separate Fourier expansions, and evaluated them on a dense set of points m. The
number of coefficients calculated,n, was increased incrementally from 15 to 300. We then evaluated the absolute value
of the difference of our expansions at each point.

Figure(5): 25 coefficients on 1000 points, point-wise error

Figure(6): 200 coefficients on 1000 points, point-wise error
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Once we had a vector of the point-wise error values, we took a weighted L1 norm of the vectors to find a mean
error. For our two Fourier expansions, F (x) for Galerkin coefficients, F ∗(x) for FFT coefficients, our error formula
is as follows.

Err =
1

M

M∑
i=1

|F (xi)− F ∗(xi)| (8)

n m error
300 1000 0.0116
275 1000 0.0121
250 1000 0.0132
225 1000 0.0140
200 1000 0.0148
175 1000 0.0173
150 1000 0.0194
125 1000 0.0226
100 1000 0.0271
75 1000 0.0339
50 1000 0.0470
25 1000 0.0808
15 1000 0.1197

Figure(7): Wighted L1 norm vs. Number of coefficients evaluated

Above in Fig.(7) we show a plot of how Err decreases as N , the number of coefficients in the partial sum of
Eq.(4), increases. We hypothesize that this is an exponential relationship that somehow correlates to the difference in
the speed of convergence of our two methods of approximating f(x).

5 Further Goals
Now that we have begun to collect actual data, and have developed some comprehension of Fourier series over

the past few months, going into the new year we are prepared to start work on more sophisticated problems. We hope
to begin work on post processing techniques for elimination of the Gibbs phenomenon. Also we hope to continue
our investigation into the error inherent in different numerical techniques for Fourier series, spreading our results to
functions other than the square wave.

The past few months have been an eye opening experience for our group. As it was the first taste of research for
anyone in our group, we were taken aback by the start and stop nature of our work, and the difficulty of approaching
a new topic that none of us had experience in before. The complexity of the topic both frustrated and fascinated us
through the course of the semester. We look foreword to future work on this topic with cautious excitement.
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Appendices
A Codes

Written by Leah Isherwood and Hillary Havener
Calculates Galerkin coefficients, rebuilds Fourier Series

function [e]=squarewave(m,n)
% squarewave calculates the exact Fourier coefficients for the square wave function
% using the Galerkin method.
% input: m is the number of points
% n is the number of coefficients
% output: fn2 is the Galerkin approximation of the sawtooth function
x=linspace(-1,1,m);
f=sign(x);
fn2=0.0*x;
for i=1:n

k=2*i-1;
fn2=fn2 + sin(k*pi*x)/k;

end
fn2=fn2*4.0/pi;
%plot(x,f,’k’)
%hold on
%plot(x,fn2,’b’)
%figure
%r = abs(fn-f);
%e = sum (r);
%semilogy (x,r,’m’)
end

Written by Andrew Davey
Generates DFT Matrix, Calculates DFT

clear all; close all; clc
n = 10;
%m = -n:n
m = 5;
t = linspace(0,2*pi,n);
tt = linspace(0,2*pi,m); %tt = 0.5*diff(tt) + t;
%f = sawtooth(t);
f = t;
%f is our sawtooth wave function with a period of 2pi. t is our time vector.

g = 0:(n-1);
h = transpose(g);
A = h*g;%the matrix a helps to generate fourier matrix
w = exp((-2*pi*1i)/n);
F = (1./sqrt(n)).*(w.ˆA); %DFT matrix
fcof = F*f’;%fourier coeficients computed by matrix multiplication

Written by Dr. Sigal Gottlieb
Calculates collocation coefficients by FFT, rebuilds Fourier Series
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clear
%
Nn=275;
n=2*Nn;
%

x=linspace(-1,1,n+2);
x=x(1:end-1);
f=sign(x);
% compute fourier coefficients by fft
N2=(n+2)/2; %middle point
c=fft(f,n+1); % finds the fft coefficients
fk=fftshift(c)/(n); % zero-frequency component is in the center
for k=1:n+1;
ik=k-N2; % this moves the index 1:n to -N2 to N2, but see Remark below
fk(k)=exp(i*pi*ik)*fk(k);
end

%
Npoints=1000;
xx=linspace(-1,1,Npoints);
ff=sign(xx);
%
for q=1:Npoints

fn(q)=0;
for k=1:n+1;%

ik=k-N2;
fn(q)=fn(q)+fk(k)*exp(i*pi*ik*xx(q));

end
end
fn=real(fn);
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