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0.1 Proposed Research Topic
Using multiple operations in Matlab, generate a function to fit two rectangles to points
lying in a rectangular frame. The points will be generated from eight sets of data with
the addition of noise. This will involve using a geometric fit, which means minimizing
the orthogonal distance to the curve; this type of fitting tends to have the advantage of
a more geometrically accurate result.

0.2 Purpose
To fulfill the research requirements of the Computational Science Training for Under-
graduates in the Mathematical Sciences (CSUMS) program. I would like to compose a
Matlab function that can take a set of data and fit the data with two rectangular frames.

0.3 Background
Manufactured goods, such as rods, disks, and pipes are circular in shape. A company
will normally employ quality control engineers to test whether items produced on the
production line are meeting industrial standards. Sensing machines are used to record
the coordinates of points on the perimeter of the manufactured products.1To determine
how close these points are to being circular, after obtaining coordinate data (x,y,z),
reference geometry, best geometric fit lines dimension of distance, diameter, radii, etc.
can be computed.

For a geometric shape, e.g., and ellipse or a rectangle, the minimization criterion
in geometric fitting is to minimize the squared sum of the orthogonal distance between
the data points and the shape. Geometric fitting is also called orthogonal distance
regression, orthogonal regressions, data fitting and errors-in-variables regression in the
literature.

0.4 Significance
The significance of this project is to learn how to efficiently use Matlab, Texshop,
understanding least squares problems, QR factorization, and singular value decompo-

1Leon, Steve. Linear Algebra with Applications 8th Edition, (Pearson Prentice Hall: New Jersey, 2010)
pp.229.
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sition (SVD). This experimentation and understanding goes hand in hand with courses
that I have been enrolled in, or am currently enrolled in, such as Linear Algebra, Ap-
plied Linear Algebra, and Numerical Optimization.

0.5 Description
The geometric fit was used to fit a circle by trying to find the best visual fit to a set
of two dimensional data points. This transforms a non-linear problem into a linear
problem, and was solved using QR factorization, SVD, and the backslash command
in Matlab. The purpose of geometric fitting is to minimize the squred sum of the
orthogonal distance between the data point and the shape.

Walter Gander et al. describe several algorithms for geometric fitting of circles and
ellipses. The curves are represented in parametric form2:
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which is well suited for minimizing the sum of the squares of the distance. In the
minimization of the geometric distance, a nonlinear LS problem needs to be solved.
This is solved by a sequence of linear least squares problems.

0.6 Methodology
The simplest example is to fit a circle to a set of data. We can first obtain an overdeter-
mined system using the standard equation for a circle, after generating a random set of
points using Matlab. 
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2Carlsson, Christina. Vehicle Size and Orientation Estimation Using Geometric Fit. (Linkopings Univer-
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Once we find the least squares solution c, the center of the least squares circle is
(c1, c2) and the radius is determined by setting r =

√
c3 + c21 + c22

The Matlab code to fit the circular shape of data:

function[c,r]= circfits2(x,y,s)
x = x(:);
y = y(:);
A=[2*x,2*y,ones(size(x))];
b=x.ˆ2+y.ˆ2;
{\bf c}=A\b;
c1=c(1);c2=c(2);c3=c(3);
{\bf r}=sqrt(c1ˆ2+c2ˆ2+c3);
if nargin==3

t=0:.1:6.3;
w=c1+r*cos(t);
z=c2+r*sin(t);
plot(x,y,’x’)
hold on
plot(w,z)
hold off

end

From the data, we get the two circles:
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In the code above, the key operation used is QR factorization, also known as the ”back-
slash” command in Matlab. For a rectangular matrix, we can factor a complex m × n
matrix A, with m ≥ n as the product of an m × m unitary matrix Q and an m × n
upper triangular matrix R. As the bottom (m− n) rows of an m× n upper triangular
matrix consist entirely of zeroes, it is often used to partition R, or both R and Q:

A = QR = Q
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R1 is an n× n upper triangular matrix, Q1 is m× n, Q2 is m× (m− n), and Q1 and
Q2 both have orthogonal columns.

Next, I wanted to write a function to fit a line to one set of data. This was also
relatively simple, but introduced the concept of singular value decomposition (SVD).

In linear algebra, the SVD is a factorization of a real (or complex) matrix. The
SVD of an m× n matrix M is a factorization of the form

M = UΣV T

where U is an m×m unitary matrix, Σ is an m× n diagonal matrix with nonnegative
real numbers on the diagonals, and V T is an n × n unitary matrix. For a matrix to be
unitary, UTU = UUT = I and U−1 = UT .

The diagonal entries σi,i of Σ are known as the singular values of M . The m
columns of U and the n columns of V are called the left and right singular vectors of
M respectively.

Because U and V are unitary, we know that the columns u1, ..., um yield an or-
thonormal basis of Rm and the columns v1, ..., vn yields an orthonormal basis of Rn.
For every linear map S : R → R one can find orthonormal bases of Rn and Rm such
that S maps the i-th basis vector ofRn to a nonnegative multiple of the i-th basis vector
of Rm, and sends the leftover basis vectors to zero. With respect the these bases, the
map S is therefore represented by a diagonal matrix with nonnegative real diagonal
entries.

For a more visual representation of singular values and SVD, consider a sphere S
of radius one inRn. The sphere is mapped onto an ellipsoid inRm. Non-zero singular
values are simply the lengths of the semi-axes of this ellipsoid.
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In Solving Problems in Scientific Computing Using Maple and Matlab Walter Gan-
der et. al. described a linear, constrained least squares technique for geometric fitting
of straight lines, rectangles, and some other common shapes3.

In two dimensions, a straight line can be uniquely represented by the equation

c+ n1x+ n2y = 0, n2
1 + n2

2 = 1

where the (unit) normal vector (n1;n2) is orthogonal to the line and c is the perpen-
dicular distance from the line to the origin. The constraint n2

1 + n2
2 = 1 guarantees

uniqueness. A point Pi = (xi, yi) is on the line if it satisfies the equation. If Pi is not
on the line, the we use the equation

c+ n1xi + n2yi = ri

where ri is the orthogonal distance between the line and Pi. Using the fact that |r| and
|r|2 will have the same minimum, the geometric fitting problem can be formulated as
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I was able to write a function in Matlab that is able to fit a line to a set of data. The
code follows:

function [c]= linefit(x,y,t)
%geometric line fit using QR factorization and singular value decomposition

3Carlsson, Christina. Vehicle Size and Orientation Estimation Using Geometric Fit. (Linkopings Univer-
sitet. Linkoping, Sweden 2000) pp. 9
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x=x(:);
y=y(:);
A=[ones(size(x)),x,y];
[Q,R]=qr(A);
R1=R(2:3,2:3);
[u,s,v]=svd(R1);
%where R1 is an upper triangular 3x3 matrix
c=[0;v(:,2)];
c(1)= -(R(1,2)*c(2)+R(1,3)*c(3))/R(1,1);
if nargin==3

xmin=min(x)
xmax=max(x)
y1=(-c(2)*xmin-c(1))/c(3)
y2=(-c(2)*xmax-c(1))/c(3)
plot(x,y,’x’,[xmin,xmax],[y1,y2])

end

0.7 Problems
There is significant difference between fitting of rectangles and fitting of ellipses. In
fitting of ellipses the function describes the whole shape in one, continuous function.
For rectangles, each side of the rectangle can be described as one continuous function,
but the shape of the rectangle consists of four such functions and there are constraints
between the functions. Altogether the function describing the shape of a rectangle is a
discontinuous, constrained function. The method that I want to eventually implement
to fit a rectangle is a linear constrained function.
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0.8 Project Progress
This semester was a difficult for me. I feel as though I wasn’t able to accomplish
as much as I could have because of the courses that I was taking. The amount of
homework that I had for applied linear algebra and numerical optimization hindered
the progress that I should have made on my research.

I was able to meet with Professor Leon a couple times per month, and he helped
me to understand the algorithm that I am applying to my problem. I worked on fitting a
line to numerous points from a set of data, and then fitting two lines to two sets of data.
These two problems were not too difficult because constraints were not yet introduced.

The second problem that I wanted to work on this semester was to fit a rectangle to
four sets of data. these four functions are continuous, but the total function for the rect-
angle remains discontinuous. Using the description of the straight lines the equations
for the four sides of a rectangle can be acheived. Two parallel sides of the rectangle
will have identical normal vector (n1;n2) but different c parameters. The other two
sides will be perpendicular to those sides and have the normal vector (−n2, n1). Thus
the four sides of a rectangle will have the following euqtions

Side 1: c1 + n1x+ n1y = 0
Side 2: c2 − n2x+ n2y = 0
Side 3: c3 + n3x+ n3y = 0
Side 4: c4 − n4x+ n4y = 0

and: n2
1 + n2

2 = 1

where the normal vector (n1;n2)is orthogonal to side 1 and side 3 of the rectangle,
the normal vector (−n2;n1) is orthogonal to side 2 and side 4 of the rectangle and ci
is the perpendicular distance between side i and the origin, i = 1, 2, 3, 4. Divide the
data set (xi; yi), i = 1, ..., N , between the four sides of the rectangle so that:

(x1, s; y1, s), s = 1, ..., N1 belongs to side 1
(x2, t; y2, t), t = 1, ..., N2 belongs to side 2

(x3, u; y3, u), u = 1, ..., N3 belongs to side 3
(x4, v; y4, v), v = 1, ..., N4 belongs to side 4

We then have the following LS problem:

min
θ∈RM

|r|2 = min
θ∈RM

N∑
i=1

r2i
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The equations above were taken from another source.4.
This is the extent of my research for this semester. Obviously, there is no new

material (or material that hasn’t been worked on before), so I have no new results.
Eventually, I would like to attempt to fit a frame using a total of eight lines. I would
like to be able to construct a function in Matlab that can fit a frame to numerous sets
of data points. The inner and outer frame need to be equidistance apart; this adds more
constraints to the problem.

I have been learning about optimization and minimization in numerical optimiza-
tion. There are many concepts from numerical optimization that will be used in fitting
a rectangular frame that I am still very unfamiliar with.

0.9 Personal Reflection
Throughout this entire school year (starting in the Fall of 2010), I am proud of the work
I have done with Latex. I had never used Latex at the beginning of the fall, so now I
am happy at the progress I have made with my understanding of the program.

I regret that I wasn’t able to understand and learn about Matlab as much as I needed
and wanted to for my project. The course offered specifically to teach students how to
learn matlab needs improvement. The course was not organized in a way in which
students could actually learn. I learned more from googling my questions than I did
from the instructor, and there was very little structure. Matlab was a crucial element to
my research this semester, and I am upset with myself as well, that I didn’t take more
time to educate myself.

4Carlsson, Christina. Vehicle Size and Orientation Estimation Using Geometric Fit. (Linkopings Univer-
sitet. Linkoping, Sweden 2000) pp. 46
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Courses such as linear algebra, applied linear algebra, and numerical optimization
really helped my understanding with this project towards the end of the semester. Un-
fortunately, I still don’t have the knowledge to be able to complete the research assigned
to me at the beginning of the semester.

0.10 CSUMS Review
I think that CSUMS in general is a great program for undergraduates to gain a better
understanding of computational math research.

I feel that maybe the organization of the course could be improved upon. This
semester, an attendance policy was implemented, but towards the end of the semester, I
feel it was ignored. I think that if students actually took the attendance policy seriously
(as they do at the beginning of the semester), there would be an increase in individual
success and learning, and more teacher to student interaction.

Another thing that could use improvement is teaching and regulating basic research
skills, such as how to write formal proposals, abstracts, etc. I understand that there
is an abundance of information regarding research skills available online, and in the
library, but it should be taken into account in class as well. For instance, I learned from
writing many biology and chemistry formal lab reports that abstracts should never have
personal pronouns. I assumed that should be the case in scientific computing papers as
well, but I have read some abstracts on the websites where students have used personal
pronouns. I know this may seem like an insignificant detail to point out, but I believe
it’s crucial for a researcher to understand how to write a formal abstract; after all, isn’t
that the first thing a stranger would read?

Overall, I am happy to be a part of the CSUMS program, and with small changes it
has the potential to be a solid stepping stone for students who plan on entering the real
world of research and science.
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