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Abstract

Fourier Series are used to approximate other functions more precisely based on the number of terms used in the
series but have inherent error, noticeable at the bounds of the function. This error, known as the Gibbs Phenomenon,
does not disappear with more and more terms being used. By using Gegenbauer polynomials we can post process
these series in order to reduce the error.

1 Need For Post Processing
Fourier Approximations have their limitations. In order to get more accurate data or in order to get more accurate
data with less input the Gegenbauer Post Processing technique is necessary. In real world applications we can see
the importance of performing these calculations more accurately and timely. A good example of which being MRI
technology, where each second of calculation time we save is important. The need for incredibly accurate information
is also a necessity of MRI technology. The problem with the discontinuity at the bounds of a Fourier approximated
function can be corrected using Gegenbauer Post Processing.

2 Gegenbauer Code
In order to post process a function we need to use a complex Matlab code to first compute the Gegenbauer polynomials
and then build the approximation. The code used was one written by Sigal Gottlieb. The code began with a Fourier
approximation of either the Square Wave function or the Sawtooth function. From there the code provided the method
for computing the Gegenbauer polynomials and the ability to build the approximation.

MATLAB CODE

clear
N=20;
Nq = 2000;
xxi = cos(pi*([0:Nq]-0.5)/Nq)’;
xi = -0.5*cos(pi*[0:Nq]/Nq)’-0.5;
%xi = -0.5*cos(pi*[0:Nq]/Nq)’ +0.5;
w = xi*0 + pi/Nq;

This part of the code exists to set up the initial conditions. Here we set the number of coefficients for the series, the
number of points to be plotted, and what intervals to plot on.
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x=xi;
f=sin(x);
for q=1:Nq+1
fnn(1,q)= 4* sin(pi*x(q))/pi;
for j=2:N

fnn(j,q)=fnn(j-1,q)+ ((-1)ˆ(j+1)-(-1))*2* sin(j*pi*x(q))/(j*pi);
end
fn(q)=fnn(N,q);
end

This part of the code computes and approximates the Fourier approximation of the Square Wave Function. To use this
part of the code the next part needs to be commented out in it’s entirety.

f=x;
for q=1:200
fnn(1,q)= 2* sin(pi*x(q))/pi;
for j=2:N
fnn(j,q)=fn(j-1,q)+ 2*(-1)ˆ(j+1)* sin(j*pi*x(q))/(j*pi);
end
fn(q)=fnn(N,q)
end

This part of the code computes and approximates the Fourier approximation of the Sawtooth Function. To use this
part of the code the previous part needs to be commented out in it’s entirety.

m=N/4;
lambda=N/4;
GPa = zeros(Nq+1,m+1);
GPa(:,1) = 1+0*xxi;
hl(1)=pi*2ˆ(1-2*lambda)*gamma(2*lambda)/lambda/(gamma(lambda)ˆ2);
hl(1)=sqrt(hl(1));
GPa(:,2) = 2*lambda*xxi;
hl(2)=pi*2ˆ(1-2*lambda)*gamma(1+2*lambda)/(1+lambda)/(gamma(lambda)ˆ2);
hl(2)=sqrt(hl(2));
for im=3:m+1

imr = im - 1;
GPa(:,im) = (2*(imr+lambda-1)*xxi(:).*GPa(:,im-1)-(imr+2*lambda-2)*GPa(:,im-2))/(imr);
hl(im)=pi*2ˆ(1-2*lambda)*gamma(imr+2*lambda)/(factorial(imr)*(imr+lambda)*(gamma(lambda))ˆ2 );
hl(im)=sqrt(hl(im));

end
for im=1:m+1
GPa(:,im)=GPa(:,im)/hl(im);
end

This part of the code computes the normalized Gegenbauer polynomials.

for im=1:m+1
for ix=1:Nq+1

int2(ix)=(1-xxi(ix)ˆ2)ˆ(lambda)*fn(ix)*GPa(ix,im);
end
quad2(im) =int2*w;
end
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for ix=1:Nq+1
gfN(ix)= GPa(ix,:)*quad2’;

end

This part of the code builds the Gegenbauer approximation.

plot(x,fn,’b’,’LineWidth’,2)
%plot(x,f,’k’,’LineWidth’,2 )
%plot(x,gfN,’r’,’LineWidth’,2)

%Posterr=abs(gfN-1);
%Preerr=abs(fn-1);

%Posterr=abs(gfN+1);
%Preerr=abs(fn+1);

%square wave errors
%Posterr=abs(gfN+1);
%Preerr=abs(fn+1);
%plot(x,log(Preerr),’r’,’LineWidth’,2)
%plot(x,log(Posterr),’b’,’LineWidth’,2)
%hold on
%plot(x,Preerr,’b’,’LineWidth’,2)

In this part of the code we have the option to graph different functions used in the code. We can graph the Fourier
approximation of the Square Wave or Sawtooth function. We can graph the Square Wave or Sawtooth function and
the Gegenbauer approximation of either. There is also a section of code we can use to graph the error of the Fourier or
Gegenbauer approximations of either function.

3 Post Processing the Square Wave Function

3.1 Square Wave Function
The square wave function is a function which alternates between two function values periodically and instantaneously,
as if the function was switched from on to off. The Square Wave function is also commonly called the step function.
The function graphed from x = −1 to x = 1 is shown in Figure 1. By summing sine waves it is possible to replicate
the square wave function almost exactly, however, there is a discontinuity in this periodic function, meaning the Fourier
series will also have a discontinuity. This discontinuity we seek to resolve with post processing. The equation of this
function is represented in Equation 1.
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FIGURE 1: SQUARE WAVE FUNCTION

F (x) =

{
−1 for − 1 ≤ x < 0 ,
1 for 0 ≤ x ≤ 1 ,

(1)

3.2 Fourier Approximation
A Fourier sum of sines can be used to accurately approximate the square wave function. The more points plotted and
coefficients used the closer the Fourier sum will be to looking like the square wave function. The equation of the
Fourier sine series used in this case is represented in Equation 2. j represents the number of coefficients used. The
starting point, where j=1 is shown in Figure 2.

F (x) = 4/π
∞∑

j=odd

1/jsin(jπx) (2)

FIGURE 2: SINE WAVE
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As more terms are added, the Fourier approximation will look more like the square wave function. As you can see
in Figure 3 and Figure 4 the approximation is closer but the discontinuity remains at the bounds.

FIGURE 3: M = 10 COEFFICIENT FIGURE 4: M = 100 COEFFICIENTS

3.3 Post Processed Approximation
Taking the Fourier approximated step function, we can post process the function using the Gegenbauer technique.
With only a few coefficients being used the post processed solution already looks noticeably closer to the original
function. In Figure 5 and Figure 6 you can see the Fourier approximation in blue and the Gegenbauer approximation
in red.

FIGURE 5: M = 10 COEFFICIENT FIGURE 6: M = 50 COEFFICIENTS

With only a few coefficients, we notice that the Gegenbauer approximation is already significantly more accurate
than the Fourier approximation.

3.4 Square Wave Error
To compare the Fourier and Gegenbauer approximations of the Square Wave function more closely we can look at the
log form of the error plots. In Figure 7 and Figure 8 the error of the Fourier approximation is in red and the error of
the Gegenbauer approximation is in blue.
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FIGURE 7: M = 10 COEFFICIENT FIGURE 8: M = 50 COEFFICIENTS

4 Post Processing the Sawtooth Function

4.1 Sawtooth Function
The Sawtooth function is a periodic line function. It starts from rest, ramps up, and then sharply falls back to rest. The
period of the Sawtooth function is the same as that of the Sine function. The equation of the Sawtooth function form
−1 to 1 is represented in Equation 3. The graph of the Sawtooth function is seen in Figure 9.

F (x) = x (3)

Figure 9: Graph of F(x)

4.2 Fourier Approximation
A Fourier sum of sines can be used to accurately approximate the Sawtooth function. The more points plotted and
coefficients used the closer the Fourier sum will be to looking like the Sawtooth function. The equation of the Fourier
sine series used in this case is represented in Equation 4. j represents the number of coefficients used. The starting
point, where j=1 is shown in Figure 10.
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F(x) = 2/π
∑inf

j=odd 1/jsin(jπx) (4)

Figure 10: Initial Sine Wave

As more terms are added, the Fourier approximation will look more like the Sawtooth function. As you can see in
Figure 11 and Figure 12 the approximation is closer but the discontinuity remains at the bounds.

Figure 11: M = 10 Coefficients Figure 12: M = 50 Coefficients

4.3 Post Processed Approximation
Taking the Fourier approximated Sawtooth function, we can post process the function using the Gegenbauer technique.
With only a few coefficients being used the post processed solution already looks noticeably closer to the original
function. In Figure 13 and Figure 14 you can see the Sawtooth function in black, the Fourier approximation in blue,
and the Gegenbauer approximation in red.
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Figure 13: M = 10 Coefficients Figure 14: M = 50 Coefficients

4.4 Sawtooth Error
To compare the Fourier and Gegenbauer approximations of the Sawtooth function more closely we can look at the log
form of the error plots. In Figure 15 and Figure 16 the error of the Fourier approximation is in red and the error of the
Gegenbauer approximation is in blue.

FIGURE 15: M = 10 COEFFICIENT FIGURE 16: M = 50 COEFFICIENTS

5 Accomplishments
This semester in CSUMS I gained a better understanding of the concept behind Gegenbauer Post Processing. Earlier
on I couldn’t make sense of Professor Gottlieb’s code. After trial and error changing small things about the code I
became more familiar with it and can now change around the parameters as I need to. This semester I also learned a
lot more about Matlab and Latex commands. I couldn’t recreate Professor Gottlieb’s code but I could write simpler
functions now.

6 CSUMS Experience
This semester we had a few new additions to the course. The addition of the Elevator talks was a great idea. Cutting
your project down into a one or two minute talk really helps you get at the core of what it is you’re doing. Attending
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the Reno SIAM conference this semester was also a great experience. It was interesting to sit in on talks from people
in the Mathematics field and be able to take something away from it. Meeting with other students in the program from
other schools was also a good part of the experience.

9


