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Abstract

A Type Ia supernova is the explosion of a white dwarf star that approaches a
limiting mass of 1.4 times the mass of our sun as it accumulates matter from a
companion star in a binary system. We constructed a model of burning within a
flame bubble that is ignited at a single off-center ignition point and buoyantly rises
upon a cold white dwarf background. The results of this model can be both verified
and validated by comparison against observations and previous three-dimensional
simulations. Our model may help shed light on the essential physical processes
involved during this complex phenomenon.

1 Project Objectives and Background

Type Ia supernovae are of interest to astrophysicists because they have a nearly uniform
luminosity, making them ideal ”standard candles” for measuring distances in space.
However, scientists would like to learn the exact mechanisms by which such events occur.

It is currently thought that the progenitor of a type Ia supernova is a white dwarf, the
extremely dense remnant of a star that has exhausted its hydrogen fuel and is composed
primarily of carbon and oxygen [7]. Initially, the white dwarf is too cold to burn carbon
as an alternate fuel source. However, the white dwarfs that lead to type Ia supernovae
are typically in a binary system with either a main-sequence star like the sun, or a
second white dwarf. This paper will consider the first option. The strong gravity of the
white dwarf is able to draw matter off of its companion, increasing its own mass and
temperature. This process can continue until the progenitor approaches 1.4 times the
mass of the sun, known as its Chandrasekhar limit. At this point, the temperature at
the core of the progenitor will be sufficient to ignite nuclear carbon burning [13]. If such
a flame ”bubble” forms slightly off-center in the star, it can rise through buoyant forces
and burn a fraction of the progenitor’s mass in a process called deflagration.

Deflagration continues until the flame bubble breaches the outer surface of the star,
which is called breakout. The gravitationally-confined detonation theory suggests that
the burnt material contained within the flame bubble is ejected into the star’s atmosphere
and is pulled to the other side of the star, destabilizing it upon impact and leading to a
supernova.

The observed spectra of the explosion are largely determined by the deflagration
phase, and the fractional mass burnt of the progenitor is the most important variable

1



describing this. Therefore, we want to model this quantity and the bubble evolution
variables that control it as accurately as we can. Our results can be validated via
comparison to existing three-dimensional simulations and previous observations.

2 Methodology

We are using a semi-analytic model of a type Ia supernova, which means that it employs
a combination of closed-form expressions and numerical methods. The original program
was written by Dr. Fisher in the FORTRAN language.

The model considers a single spherical flame bubble with a radius and distance from
the center of the star given by arguments on the command line. In contrast, the initial
mass, radius, and central density of the star are controlled by parameters in the code.
The code also interpolates the background conditions at varying radii from the center
of the star, although a subroutine may alternatively read this data in from a table.

The vertical motion of the bubble is based on a numerical integration of acceler-
ation, considering buoyancy and drag terms, in addition to the added mass effect, as
summarized by the Morison Equation, shown below.
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”Let R be the bubble’s radius, r the offset radius, ρ1 the density of the bubble, ρ2 the
density of the background fuel, g the local value of gravitation acceleration, v velocity,
and CD the coefficient of drag. The terms on the left describes the time derivative of
the bubble’s inertia plus that of displaced fluids surrounding the bubble, the added mass
term [8].”

The added mass term is defined as follows.
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”I represents inertia [8].”
The initial timestep is one millisecond, although the code adapts the duration of

subsequent timesteps. Horizontal motion is not considered; the bubble only moves along
a path that is radial to the center of the star.

Any matter that encounters the surface of the flame bubble is burned and falls
into it as nuclear ash. This is less dense than the carbon fuel surrounding the bubble,
encouraging the continued rise of the bubble. However, the fuel density sharply decreases
near the edge of the star, so the bubble will eventually have less new mass to displace.

The bubble may expand through the Rayleigh-Taylor instability. This occurs when
the bubble exceeds a length known as the flame-polishing scale.
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”St is the turbulent flame speed, which is how quickly the bubble would move in the
presence of turbulent effects. Khokhlov determed the equation below using his subgrid
model of deflagration [9] [8].”
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2

√
AgR (4)

Below this threshold, any turbulent structures that may form in the bubble will
tend to be smoothed out before they can grow significantly. As the instability would
cause the surface of actual flame bubbles to become irregular, which is inconvenient
for calculations, we instead increase the effective radius of the bubble to calculate an
equivalent spherical surface area [5].
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”A is the Atwood number, a dimensionless quantity related to the relative densities
of two adjacent fluids [8].’

A =
ρ2 − ρ1
ρ1 + ρ2

(6)

The fuel density distribution used to calculate the Atwood numbers are based on fit
by Calder et al., assuming nuclear statistical equilibrium [2].

”Sl is the laminar speed of the bubble, or how fast it would travel in the absence of
turbulence [8].”

Sl = 92 km/s
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The above is Timmes and Woosley’s fit for the laminar speed of the flame bubble,
which is a function of fuel density, ρ = ρ2 [12].

Beyond this, turbulence is not particularly important in the model. Our Reynolds
numbers (Re), dimensionless quantities that describe turbulence in the fluid flow around
the bubble, are relatively low, and correspond more to laminar, or smooth flows.

Re =
2R

∆x
(8)

∆x is the resolution used in the three-dimensional simulation. It was used in the
semi-analytic model for calibration purposes [4].

Neverthless, the Reynold’s number increases as the bubble rises and becomes larger,
corresponding to greater turbulence and a lower coefficient of drag, as seen in Brennen’s
Fundamentals of Multiphase Flow [1]. Dr. Fisher said that we could make the following
approximation at low Re [4].

CD ∝
12

Re
(9)
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The model continues extrapolating for each timestep until breakout is achieved. At
this point, the main loop of the code is terminated. The program may also end early if
various nonphysical conditions are detected.

In the future, we will express positions in the star in terms of spherical coordinates,
and include the effects of a rotating reference frame on the motion of the bubble.

The results of the semi-analytic model were compared to a three-dimensional simula-
tion run by another student in our research group, David Falta [3]. This code currently
has better agreement with observations, so much of the current research focuses on
improving the accuracy of the semi-analytic model by improving its assumptions and
including additional physics. Ideally, the fractional burnt mass of the model should be
no more than twice that computed for David’s simulation. Once this is accomplished,
we will analyze the differences between the models to determine where each performs
better than the other and allow for their mutual improvement.

3 Accomplishments

I made some progress on my project, notably with regard to refining the semi-analytic
model’s determination of the coefficient of drag so that it was non-constant. This more
than halved the error in the fractional burnt mass of the progenitor that I had at the start
of the semester. Furthermore, I was able to provide a meaningful context for my results
through collaboration with David Falta. Less important results included producing data
consistent with bubble self-similarity and checking the geometry of the bubble in David’s
simulation. I also modified an Octave script given to me by David to graph my model’s
data alongside his, and spent time debugging it as necessary. To avoid redundancy, I
will elaborate upon this in more detail in the ”Work Done” section.

Finally, I attended four conferences this semester: the Society of Physics Students
group meeting, the regional joint meeting of the American Physical Society and American
Association of Physics Teachers, the Sigma Xi Research Conference, and the Undergrad-
uate Research Conference at Amherst. At three of these conferences, I delivered oral
presentations, and I prepared a poster for Sigma Xi. My work was well-received.

Graphs showing my results are included at the end of the paper.

4 Work Done

4.1 Comparing Previous Results to Plewa et. al

My work this semester was a continuation of the project I worked on last summer and
intermittently since. During the winter break, Dr. Fisher gave me a draft of a paper
he had working on regarding type Ia supernovae, which cited the results of a previous
simulation by Plewa et al., with respect to the rise velocity of the flame bubble and its
radius [5]. I was concerned that our model predicted velocities 3.28 times greater than
Plewa’s at breakout[11]. Considering the proportionalities present at terminal velocity,
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this meant that our model should have a bubble radius over ten times greater than
Plewa’s model, yet ours were two-thirds of this.

Ultimately, such comparisons were irrelevant, as Plewa et al. used a primitive two-
dimensional model, which are prone to relatively high errors, although I did not realize
this at the time [11]. Nevertheless, the apparent discrepancy motivated much of my
work early in the semester.

4.2 Analyzing the Velocity of the Bubble

Early on, it was suggested that our drag force was too low compared to Plewa’s results.
I checked the equation that we were using for the drag force for errors, but none were
found. Additionally, while I was checking the code, I corrected the misconception that
flame speed was the same a rise speed in my code.

Dr. Fisher also suggested that I carefully observe the rise velocity near the edge of the
star to see if any of our assumptions broke down. I tested this for a bubble with a radius
of 50 kilometers and an initial offset of 12 kilometers to match Plewa’s initial conditions
[11]. The velocity did not appear to break down near the edge of the star, but I did notice
that the maximum velocity was actually achieved prior to breakout. I hypothesized that
that this was because the bubble’s rapidly increasing surface area increases the drag
force acting on it, causing it to slow down. Furthermore, as the background fuel density
precipitously falls near the edge of the star, this means less mass is displaced, so there is
also less buoyant force to cause the bubble to rise. Nevertheless, this effect was relatively
small.

4.3 Testing the Analytic Model

Dr. Fisher told me to make sure that we were using the semi-analytic model in bubb-
lerise, as there is also a tabular model, which reads in data from arrays, programmed
into the code. Since the summer, I had been under the impression that this was the
way that code worked by default. However, I noticed that the tabular routines were
commented out, so I needed to make no changes to the code.

4.4 First Attempt at Testing the Tabular Model

Dr. Fisher then directed me to convert the code to the tabular model by activating the
appropriate routines and commenting out the semi-analytic routines. However, when I
did so, I obtained a segmentation fault. Through debugging, I was able to isolate the
cause of the fault to being within one of two functions in a block of code one hundred
lines long. However, I failed to find the error at this time, so Dr. Fisher told me to move
to another problem.

4.5 Bubble Self-Similarity

Self-similarity predicts that the final velocity of a spherical flame bubble should be nearly
independent of its initial radius and offset from the center of the star [5]. I initially
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conducted a numerical experiment to test this in which I varied the initial offset of the
flame bubble while holding its intial radius constant at fifty kilometers. The bubble rise
velocity clearly decreased as the initial offset increased, so I concluded that self-similarity
was false.

When I communicated my results to Dr. Fisher, he reminded me that there would
be slight variations in the rise velocity, as it was not completely independent from the
initial conditions of the bubble. However, as either offset or radius was varied and the
other held constant, the velocities of the bubbles should converge, a trend that would
be more obvious on a logarithmic plot. Graphing my data in this manner demonstrated
that Dr. Fisher was correct.

4.6 Learning to Create Octave Scripts

It took me a long time to produce the graphs that Dr. Fisher requested, because I did
not know how to make or use Octave scripts. Consequently, each time I wanted to make
a graph, I had to type each command individually, and if I made a mistake, I had to
start over.

Dr. Fisher directed me to learn how to create .m script files. While these originated
from MATLAB, they are also compatible with Octave, and can be written on a text
editor. Writing and debugging the script took a while, as I had to include all of the
commands that I would have manually issued to Octave, but once complete it vastly
improved my productivity.

4.7 Graph Formatting

After I had an operational script, Dr. Fisher suggested that I should add arguments to
change the color and symbols used to represent my data points. Specifically, I was to
change the data from being blue (Octave’s default) to black, as this is less expensive to
print. I accomplished this point easily and managed to change one of the data sets to be
represented by circles, although this did not look particularly neat, as I had over 6000
data points, meaning that they blurred together into a thicker line.

Later, I learned to directly control the line width of my data, although changing
the text size on my title and axes labels proved impossible, as Octave’s internal font is
non-scalable, and we currently lack alternative fonts.

4.8 Joint Supernova Project Meetings

Now that I had formatted graphs, Dr. Fisher suggested that I meet with him, Dr.
Khanna, and a graduate student, David Falta, to discuss progress on my research and
how to proceed. Via e-mail, I arranged for us to meet at 5:00 on Wednesdays, an
appointment that most of us were able to keep until April, when we were busy preparing
for conferences or grant applications in the cases of the professors.

While we had them, the meetings were quite helpful, especially because I could not
attend Dr. Fisher’s weekly Tuesday meetings due a conflict with my classes. Hitherto,

6



I had to resort to e-mail communication with Dr. Fisher, which was prone to lag and
had a greater potential for misunderstanding. Furthermore, the ideas discussed at the
joint meetings gave me a better sense of direction on the project, vastly increasing my
productivity.

4.9 Comparing Results to David Falta’s Simulation

At the joint supernova project meetings, we discussed the need for me to have an-
other data set to compare my results to. Like myself, David Falta was working under
Dr. Fisher, although he was using a three-dimensional simulation instead of a one-
dimensional semi-analytic model, and we had previously researched almost indepen-
dently.

Following Dr. Fisher’s suggestion, David sent me his data and a script to graph it.
I modified the script to plot my own data next to his and asked David a few questions
about the initial conditions used in his simulation so that I could make my model as
similar to his as possible.

4.9.1 Initial Comparisons

The most striking thing about my initial comparisons to David’s data was that we
had significantly different fractional burnt masses, even though we had the same initial
bubble radius and offset. This was a serious concern, because if our data disagreed at
the start, then there was little chance for agreement later on.

4.9.2 Recalibrating the Initial Bubble Radius

Dr. Fisher realized that the discrepancy was due to the grid resolution of David’s
simulation, which effectively increased the radius of the bubble. I had use the density
and sphere volume formulae to calculate the radius that would give the correct initial
fraction burnt mass in my model. This turned out to be 23.85167144 kilometers instead
of the nominal 16 kilometers in David’s simulation. As my model was only configured
to read in integer values of the initial bubble radius from the command line, I rounded
this to 24 kilometers. When I recomputed the values, our initial fractional burnt masses
were close enough to be approximated as identical.

4.9.3 Attempt at an Interpolation Routine

At this point, Dr. Fisher suggested that I try to interpolate the data from my model
for the timesteps given in David’s data to allow better comparison between the two. I
looked up some of the octave commands that I would need to do so, but when I tried
to run the script, I recieved an error. Meanwhile, Dr. Fisher assigned me other, more
important tasks that I had success on, so the problem of interpolation was ignored.
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4.9.4 Checking for Spherical Geometry

In spite of our success at matching the initial fractional burnt mass for the model and
simulation, they still tended to diverge in time. The surface area and volume of the
bubble became similarly discrepant. This lead Dr. Fisher to suggest that perhaps the
bubble should not be approximated as a sphere. We could test this by using a simple
ratio based on these quantities to obtain a dimensionless value. If this value was equal
to one, spherical geometry would be satisfied.

I added the ratio to the script, and plotted against position. At the peak of the
curve, the ratio was between 35 and 40. David Falta noticed that I had made an error of
a constant factor in my formula, and corrected it, so that the ratio became slightly over
12 [3]. Nevertheless, the point remained that the simulation’s flame bubble was clearly
non-spherical.

We discussed the possibility of loosening the spherical constraint on our model, al-
though not much came of it. We were moving on to other effects that were likely to have
greater effects on deflagration.

4.9.5 Fuel Density Comparison

I continued to produce graphs comparing the bubble evolution in the model to that in
the simulation. However, I also needed to check if we were using the same background
conditions for the star. Therefore, I read the tabular data that David used to define
his fuel density profile into my script, and compared it to the fuel density computed
by the semi-analytic model. However, my model’s density did not agree with David’s
simulation. Dr. Fisher told me that I should focus on improving the agreement of the
models for other variables first; doing so could reduce the discrepancy.

4.9.6 Recalibrating Initial Progenitor Conditions

I soon began to suspect that David’s simulation used a different progenitor radius than
the semi-analytic model. Looking at his table more carefully, I noticed that it included
data that was clearly beyond breakout, and that its densities near the edge of the star
became extremely low. When I consulted Dr. Fisher, he said that these values were
negligible, and were just included to prevent mathematical errors in the calculations. I
could determine the effective radius of David’s progenitor by observing when the fuel
density sharply dropped off. I determined that this occurred at approximately 2,000
kilometers, instead of the 2,500 kilometers that I assumed for my model.

I changed the radius of my model accordingly, and after some confusion, settled on
the initial conditions of an initial bubble radius of 24 kilometers, an initial offset of 40
kilometers, an initial progenitor radius of 2,000 kilometers, and an initial progenitor
mass of 1.366 solar masses [3].
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4.9.7 Comparison to Bubblerise’s Tabular Results

Around this time, I returned to considering the tabular method coded within bubblerise.
When I described the segmentation fault to Dr. Fisher again, he was able to guess its
cause, allowing me to quickly debug the code. However, the tabular model was even
more discrepant than the semi-analytic model, so it was abandoned.

4.10 Coefficient of Drag

At one of the joint supernova project meetings, it was decided that the drag of the model
was probably too high. In any event, setting the coefficient of drag to equal a constant
value of three was arbitrary and certainly wrong.

4.10.1 Numerical Experiment for the Coefficient of Drag

Dr. Fisher asked me to begin by repeatedly halving the coefficient of drag and plotting
the results of fractional burnt mass versus position. I did so until I had a coefficient of
drag of 3

32 . The first few iterations brought significant reductions in the fractional burnt
mass of the model, although latter trials were less effective. Dr. Fisher said that 3

16
might be a good initial approximation, as it was near the asymptotic limit of the drag
coefficient as a function of the Reynold’s number, a dimensionless quantity describing
turbulence, and it reduced the fractional burnt mass to 2.73%.

4.10.2 Relating the Coefficient of Drag to Reynolds Numbers

While this demonstrated that the coefficient of drag had a significant effect on the frac-
tional burnt mass of the bubble, any constant value that we chose would be arbitrary.
Preferably, we would base the coefficient on physical equations, so that it would ap-
propriately change as the bubble rose through the star. It is natural to describe the
coefficient of drag as a function of the Reynolds number, a dimensionless quantity that
describes the turbulence in a fluid.

At Dr. Fisher’s advice, I read the second chapter of Brennen’s Fundamentals of
Multiphase Flows to learn the necessary equations [1]. I was told that we would have
relatively low Reynolds numbers, corresponding to laminar flows, for much of the bub-
ble’s rise. I also had to learn about the differences between kinematic, dynamical, and
numerical viscosity, in addition to the units for each.

Initially, I made little progress due to the incorrect belief that I would find a for-
mula that explicitly gave the coefficient of drag as a function of the Reynolds number.
However, Dr. Fisher pointed out how I could rearrange the equations to find this. Ulti-
mately, we determined that the coefficient of drag was proportional to the reciprocal of
the Reynolds number.
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4.10.3 New Results

With the new model for the coefficient of drag, we determined that the fractional burnt
mass was approximately 3.03%. The velocity graph became more discrepant with the
simulation, and the model’s area curve was shifted down, but early agreement was im-
proved on the volume graph. Additionally, I produced a new graph showing how the
coefficient of drag varied with the model’s Reynolds numbers.

4.11 Checking the Timestep

The discrepancy between the fractional burnt mass curves was still significant, so we
revisited the topic of how to reduce this. I proposed that we check if the timestep was
too large. Given that our model extrapolates from one timestep to the next, and that our
data had good initial agreement, I thought that the later discrepancies might be caused
by the accumulation of small errors that a finer timestep might correct. I recognized that
it was unlikely that Dr. Fisher had made a mistake, given his programming experience,
but he also thought it was a good idea to verify that the timestep was sound. He
suggested that I conduct a numerical experiment in the same manner as the one that I
did for the coefficient of drag.

I tested the model for one half and one quarter the normal timestep. While there
were minor changes in the results, at most they affected the hundredths place for the
fractional burnt mass, expressed as a percent, hardly significant. At the same time,
they greatly increased the execution time of the code. Therefore, I determined that the
original timestep was the most appropriate option of the three.

4.12 Accounting for Rotation

At one of the joint project meetings, there was discussion of rotation in white dwarf
progenitors, an idea that had recently come to light in a number of papers. Dr. Fisher
urged David and I to work to include the effects of rotation in our models. To do
this, I spoke to Professor Khanna, and borrowed ”Analytical Mechanics” by Fowles and
Cassiday from him [6].

When I reported back to him, Dr. Fisher noted that the formulae I had found
for forces in rotational reference frames were expressed in Cartesian coordinates, which
would be inconvenient for our purposes. He recommended that I study spherical coor-
dinates, and re-express the equations accordingly.

5 Reflection

During this semester, I continued my work from the previous summer. I had the basic
Fortran knowledge that I needed to understand the code, but I still learned many of its
nuances and corrected several misconceptions. I also learned Octave scripting, a skill
that I should be able to transfer to MATLAB.
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Physically, I learned mainly about fluid flows, the coefficient of drag, and forces in
rotational frames. I also developed the habit of analyzing my data before submitting it
to Dr. Fisher to make sure that it made physical sense. This should facilitate greater
autonomy in my future research.

6 Evaluation of CSUMS Experience

CSUMS states that one of its goals is to have participants collaborate with each other
and provide assistance as needed. However, this happened very little in practice. With
the exception of my brother, I was never approached by anyone else in the class. Con-
sequently, I never knew anything about any projects except my brother’s or my own
unless it was presented in class. This is a serious failure of the program; communication
between project teams must be improved.

One reason why this occurred was the abundance of in-class presentations. While I
acknowledge that they are necessary for grading and provide useful feedback, they took
too much time from the class. The necessary communication can only occur if more
research happens in the classroom. Of course, the emphasis should remain on research
peformed outside of class, but it would be nice if we could have a class period dedicated
to research and not presentations at least every two weeks. This would also allow more
interaction between the students and professors.

Otherwise, CSUMS was managed quite well. I thought it was good practice to
do both an elevator talk and a fifteen minute presentation, as each utilizes different
important skills. Likewise, it was prudent for the professors to personally check on the
progress of each participant and make sure their project was proceeding as smoothly as
possible. Their feedback throughout the course was timely and useful.

I look forward to attending CSUMS again this summer, and I hope that I will be
able to bring my research project to a successful conclusion.
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Figure 1: The above graph shows the fractional mass of the progenitor burnt in de-
flagration as a function of position measured from the center of the star. The blue
curve represents the semi-analytic model and the black curve represents David’s three-
dimensional simulation.
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Figure 2: The above graph shows the speed at which the flame bubble rises as a function
of position measured from the center of the star. The blue curve represents the semi-
analytic model and the black curve represents David’s three-dimensional simulation.
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Figure 3: The above graph shows the surface area of the bubble as a function of position
measured from the center of the star. The blue curve represents the semi-analytic model
and the black curve represents David’s three-dimensional simulation.
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Figure 4: The above graph shows the volume of the bubble as a function of position
measured from the center of the star. The blue curve represents the semi-analytic model
and the black curve represents David’s three-dimensional simulation.
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Figure 5: The above graph shows the coefficient of drag in the simulation as a function
of the Reynolds numbers.
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