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Coordinate metrology is a branch of manufacturing science, where a coordinate
measuring machine is used to measure the geometry and shape of an object. By

obtaining coordinate data (X, Y, Z), reference geometry (such as lines, planes, circles,
cylinders, cones, spheres) and least squares fit lines, dimension of distance, diameter,

radii, etc. can be computed. The most important aspect of coordinate metrology is
fitting reference geometry through an array of points so that the sum of the squares of
the distance from those points to the line is minimized. Using computational methods,
values of x are selected to minimize ||b−Ax||2. The goal is to write a function that

will fit a given set of points concentrated around a rectangular frame.

Least Squares Fitting
Least squares fitting is a mathematical procedure for finding the best-fitting curve to a
given set of points by minimizing the sum of the squares of the offsets (residuals) of
the points from the curve. The sum of the squares of the offsets is used instead of the
offset absolute values because this allows the residuals to be treated as a continuous
differentiable quantity. However, because squares of the offsets are used, outlying
points can have a disproportionate effect on the fit, a property which may or may not
be desirable depending on the problem at hand.
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In the image above, it compares least squares fit with best geometric fit. The offsets
are different when computing the two different types of fits. Coordinate metrology uses
best geometric fit with perpendicular offsets.

QR Factorization
Whenever we use the backslash function, Matlab uses QR factorization. We want to
solve Ax = b for x where A(mxm) is nonsingular. If A = QR is a QR factorization,
then

QR = b

or

Rx = QT b

The right hand side is easy to compute once we know Q. Then the solution x can be
easily solved by the method of back substitution because R is upper triangular.

QR factorization gives us values for Q and R using the matrix A. If A ∈ R with
m ≤ n and rank A=n then it can be factored as A=QR. R ∈ Rnxn is upper triangular
with rii > 0. Q ∈ Rmxn satisfies QTQ = I (Q is an orthogonal matrix)

A = QR

QT r = QTb−QTQRx

||QT r||2 = ||r||2 = ||b−Ax||2

||b−Ax||2 = ||QTb−QTAx||2 = ||c−Rx||2

||
(
c1
c2

)
−
(
R1x
0

)
||2 = ||

(
c1 −R1x

c2

)
||2

= ||c1 −R1x||2 + ||c2||2

When ||c1 −R1x||2 = 0 then ||c2||2 is the size of the residual matrix (optimal fit)
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Generating Codes in Matlab
The first type of fit was done on a circle. We generated random points in circular shape
and added noise, using the following input in Matlab.

>> t=0:0.2:10;
>> x=1+2*cos(t)+0.3*(rand(size(x))-.5);
>> y=3+2*sin(t)+0.3*(rand(size(x))-.5);
>> plot(x,y,’x’)
>> axis equal

Then the function can be written in Matlab to fit a circle to fit the points. By plotting
the x and y points, and using the backslash command in Matlab, we can find the radius
and the center of the circle.

function[c,r]= circfits2(x,y,s)
x = x(:);
y = y(:);
A=[2*x,2*y,ones(size(x))];
b=x.ˆ2+y.ˆ2;
{\bf c}=A\b;
c1=c(1);c2=c(2);c3=c(3);
{\bf r}=sqrt(c1ˆ2+c2ˆ2+c3);
if nargin==3

t=0:.1:6.3;
w=c1+r*cos(t);
z=c2+r*sin(t);
plot(x,y,’x’)
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hold on
plot(w,z)
hold off

end

Next, we fit two circles with the same center but different radii. Matlab input
follows. Generating random points in two concentric circles with noise:

function[c,r1,r2]= circfits3(x,y,x2,y2,s)
x = x(:);
y = y(:);
x2=x2(:);
y2=y2(:);
A=[2*x,2*y,ones(size(x)), zeros(size(x)),
2*x2,2*y2,zeros(size(x2)), ones(size(x2))];
b =[x.ˆ2+y.ˆ2;x2.ˆ2+y2.ˆ2];
c=A\b;
c1=c(1);c2=c(2);c3=c(3);c4=c(4);
r1=sqrt(c1ˆ2+c2ˆ2+c3);
r2=sqrt(c1ˆ2+c2ˆ2+c4);

4



Function to fit the two circles:

function[c,r1,r2]= circfits3(x,y,x2,y2,s)
x = x(:);
y = y(:);
x2=x2(:);
y2=y2(:);
A=[2*x,2*y,ones(size(x)), zeros(size(x)),
2*x2,2*y2,zeros(size(x2)), ones(size(x2))];
b =[x.ˆ2+y.ˆ2;x2.ˆ2+y2.ˆ2];
c=A\b;
c1=c(1);c2=c(2);c3=c(3);c4=c(4);
r1=sqrt(c1ˆ2+c2ˆ2+c3);
r2=sqrt(c1ˆ2+c2ˆ2+c4);
if nargin==5

t=0:.1:6.3;
w=c1+r1*cos(t);
z=c2+r1*sin(t);
w2=c1+r2*cos(t);
z2=c2+r2*sin(t);
plot(x,y,’x’,x2,y2,’x’)
hold on
plot(w,z,w2,z2)
hold off

end
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Singular Value Decomposition and Geometric Fitting of a Line
Singular value decomposition (SVD) represents an expansion of the original data in
a coordinate system where the covariance matrix is diagonal. We can determine the
dimension of the matrix range also known as the rank. SVD can also quantify the sen-
sitivity of a linear system to a numerical error or obtain a matrix inverse. Additionally,
it provides solutions to least-squares problems.

For fitting a line, we use SVD and QR factorization. The singular decomposition
of the matrix A represents A as the following matrix product

A = V SUT

This decomposition uses things that come out of the square matrix ATA witch is
mxm. We let the eigenvalues be denoted by 11, ..., 1m. We know these eigenvalues
are nonnegative and we can organize them in descending fashion from largest 11 to the
smallest positive one, 1r with the remaining eigenvalues being 0. The square roots of
these eigenvalues are the singular values of A; denoted by si and we know s1s2...sr >
0 with the rest actually 0. We also know that the eigenvectors of ATA also form an
orthonormal basis for Am. The matrix F is nxm and has a block form with an rxr
diagonal matrix in the upper left hand corner and the rest zeros. The diagonal matrix
has singular values on its main diagonal.

Here we use matlab to generate random points along a line with noise.

x = 1 : 0.2 : 5

y = 3x+ 4ýNote we can use any linear equation for y
y = y + 0.8*rand(size(y))x

6



The equation for the line: c1+c2x+c3y = 0 we want c22+c23 = 1 For any arbitrary
xi and yj we get the matrices

c1 + x1c2 + y1 + c3
c1 + x2c2 + y2c3

...
c1 + xnc2 + ync3

 =


0
0
...
0



1 x1 y1
1 x2 y2
...

...
...

1 xn yn


c1
c2
c3

 =


0
0
...
0


The function for fitting a line:

function [c]= linefit(x,y,t)
%geometric line fit using QR factorization and singular value decomposition
x=x(:);
y=y(:);
A=[ones(size(x)),x,y];
[Q,R]=qr(A);
R1=R(2:3,2:3);
[u,s,v]=svd(R1);
%where R1 is an upper triangular 3x3 matrix
c=[0;v(:,2)];
c(1)= -(R(1,2)*c(2)+R(1,3)*c(3))/R(1,1);
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After doing QR factorization, we get a matrix R and multiply by the matrix (c1, c2, c3)
T

we get the following upper triangular matrix where everything following is all zeros:

R =


r11c1 + r12c2 + r13c3
0 + r22c2 + r23c3
0 + 0 + r33c3
... +

... + 0
... +

... +
...


if nargin==3

xmin=min(x)
xmax=max(x)
y1=(-c(2)*xmin-c(1))/c(3)
y2=(-c(2)*xmax-c(1))/c(3)
plot(x,y,’x’,[xmin,xmax],[y1,y2])

end

Conclusion
The next step will be to plot points along a rectangular frame, add noise, and fit them
with multiple lines. The rectangle is a closed quadrilateral which consists of two op-
posite sides of a rectangle alone with the two diagonals. All the angles will be right
angles. The two rectangles will have identical centers, and the width between each
rectangular frame will need to be even all the way around. This will use multiple
functions to generate lines, and the alignment of the lines will need to be parallel and
perpendicular to each other with similar corners.
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