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Abstract

Through looking at a square, one can learn alot about a cube. By
relating the second and third dimensions one can begin to make ob-
servations on the fourth dimension. I begin by looking at the different
ways to manipulate a square, and then relate that to a cube and the
ways to manipulate a cube. I then look to the problem of reflection,
and how we cannot reflect a cube without entering the fourth dimen-
sion. To assess this problem I began to research Inversive geometry
and attempt to apply it to this problem.

1 Problem

In the Beginning of the Summer the problem was to learn Python. To do
this I began by studying something I was interested in, Combinatorics. I
learned python through combinatorics, writing programs that would repro-
duce certain sequences, starting with sequences like pascals triangle and the
falling factorial polynomials. I then began work with VPython and combi-
natorics, and became introduced to the symmetry group for a square, which
got me thinking about the cube. The problem being addressed this semester
is Reflection of a cube. To reflect a cube we just pretend there is a mirror
and draw the cube as if it were on the other side of the mirror, my quest
is to better understand how the cube would reflect in the fourth dimension,
just like how in the third dimension, to reflect a square you turn it about an
axis, I would like to better understand how reflection of a three dimensional
object would work in the fourth dimension, and how to visually represent it
in three.

2 Technique

To address the problem of me not knowing Python, I began to learn python
through experience, as I have found is the best way to learn a coding lan-
guage. I learned through coding code after code in python making sure they
all do exactly as I want them to. Mostly this was an exercise in learning the
code but along the way I learned about combinatorics aswell. I would find
the most efficient way to show a sequence and make the program execute
the sequence. I started with pascal’s Triangle, a program that would go to
the specified line of pascals triangle and then moved to stirling numbers and
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wrote a program that did the same thing. Then I began to make a bit more
complicated programs, this time a program that could recognize a permuta-
tion in terms of disjoint cycles.
Then I got into the visual aspect. I began to work with the square symmetry
group, showing visually all of the transformations allowing the user to manu-
ally rotate and reflect the square and the program will tell you what of the 8
basic operations would get the original square to the displayed square. After
that I began to work with the cube, the same thing, rotations and reflec-
tions. I wrote a program that allowed a user to manually rotate and reflect
the cube. While writing that program I ran into a very interesting problem,
that I could not show how a cube reflected, it just happened. After working
with that problem I began researching inversive geometry. To do this I read
multiple papers on the topic then got my hands dirty doing programming
involving inverse geometry.

3 Process

This Summer semester I have completed more than I had thought I would.
It has definitley been a very interesting time, I have gotten to work very
independently on things that I have found very interesting. I started with a
desire to move towards another Programming language, I had already learned
java and wanted to learn another. I Started to learn python. To learn it I
wrote programs. I started with a program to reproduce pascal’s triangle. It
did this through taking the line before it and adding all numbers that are
adjacent and placing the new number in the spot below the two. I tried
to make my programs as quick and in as few lines as possible. The next
program I wrote was for Stirling numbers. This program worked a bit more
complicated. I found a way to get from line to line recursively and used
that because it would be good practice. After that I did some more read-
ing in the Combinatorics book and made a program to show disjoint cycles
based on a given permutation. an example of this program working is here:

The way that program worked was to find the first numbr in the sequence
and find where it occurs in the second sequence, and then find the number
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in the first sequence that corresponded to the place of the first number in
the second sequence and so on. it did this through a few while loops.
After that program I began work with VPython and just wrote some simple
programs that incoperated loops and vpython, just to make the shell of a
sphere like so:

Once I became comfortable with VPython I began to work with vpython to
write a program that represented the square symmetry group. This program
has a interface that allows the user to manipulate a square using rotation or
reflection and then shows the simple function that would have gotten there
in one step. The 8 different symmetries of a square are:
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After that I decided to work with the cube, and do the same thing, figure out a
program that would allow the cube to rotate and reflect by the user’s control.
This became a bit more difficult. In two dimensions a square rotates around
a zero dimensional point, and reflects by rotating around a one dimensional
line. In Three dimensions, a cube rotates around a one dimensional line and
reflects around/through/whatever mechanic a two dimensional plane. The
program i wrote displayed the cube above a cube in a fixed position to show
how far from the original you have come. Next to the cubes are a set of the
thirteen possible axis of rotation and on the other side the set of the 9 planes
of reflection. the program is shown here with the axis and planes.

Shown are the axis(right) and planes(left) then there is a button panel that
has a button that corresponds to the labels and allows the user to turn the
cubes. The trick when writing this code was to realize how when rotating
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around an axis, it differed based on the axis. There were three kinds of axis,
I called them the corner to corner, the midpoint to midpoint and the center
to center. the corner to corner(like axis 2), have 120 degrees of freedom,
so there are three simmilar cubes on each axis. The midpoint to midpoint
(like axis 12) only has 180 degrees of freedom, so there are only two simmilar
cubes per axis. And the Center to center have 90 degrees of freedom, making
4 simmilar cubes on each axis.
Then there are the planes. There are only two kinds of planes to Reflect
the cube through. A plane that intersects no corners, and a plane that in-
tersects 4 corners. There are 13 planes in total. This is the part that got
me to think more analytically. When reflecting a square you can rotate it
over an axis, but in order to physically do this we had to enter the third
dimension. So, I thought about how to reflect a cube, you would have to
enter the fourth dimension, which makes sense as to why we cannot do it
physically in our three dimensions. I was very curious as to how to display
this dynamically in three dimensions. I began to do some research into it and
studied the transition from square to cube much more and began to formulate
an idea on the fourth dimension and how it worked with the third dimension.

Here are some images from my two dimensional Inversive geometry research.
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and here are some images displaying a three dimensional inverse of a cube, I
broke it down into layers.

I soon reached a roadblock in my research, I began to think the only way
to show a cube rotating was for it to shrink into itself and back out again.
on the other side, which would make sense, but I wanted to understand it
more.
Prof. Davis Showed me inversive Geometry just to spark some interest and I
saw something very interesting. In the video professor Davis showed me, the
narrator says that when inversing a two dimensional object, you can rotate
the sphere over, but in actuality that inverses the reflection of the object,
not the object itself, So I thought, maybe if I can figure out how inverse
works with projecting a three dimensional object on a four dimensional cube
I can see how putting the object on the opposite side of the cube changes
the inverse of the object.

7



4 Progress

So Far I have completed alot, Through the Summer I completed my goal of
getting familiar with Python, I am now quite proficient with the language
and quite efficient aswell. Also I learned alot of new geometry which is very
interesting. I started this summer with no knowledge of inversive geometry
and now I am quite understanding of it and applying it to higher dimensions,
something I have always been interested in but never really looked into.
Though I do not have an animation yet that shows a cube dynamically re-
flecting I have a few thoughts on how it could be accomplished. I will be
independently researching more on these topics throughout the rest of the
summer for sure.
I would say my research is not done because I do not have a direct result to
show but I have learned more this semester than my previous semester and I
am very comfortable with this project and could definitley imagine pursuing
it in the future maybe with some help from a proffessor.

5 CSUMS

CSUMS over the summer was a very different experience than during the
main year. This time it was much more independent, I basically set my own
goals and acheived my own goals throughout the summer.
Best of:
1. Great with all the presentations, really allowed students to show how hard
they have been working and to see if they really understood the problem they
were dealing with.
2. The other students were a pleasure to be around and the professors were
very helpful in my research.
Cons:
1. Sometimes I felt as though some of the other students were giving the
same talk over and over again.
2. Also it was kind of hard to find inspiration when many other students
really didnt like what they were working on and no one was working on
something that was like what I was doing.
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