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Abstract

In the single degenerate model of a Type Ia supernova, a white dwarf accretes
matter from a main sequence or red giant companion. The explosion of a white dwarf
star is triggered as it approaches a limiting mass of 1.4 times the mass of our sun.
We constructed a model of burning within a flame bubble that is ignited at a single
off-center ignition point and buoyantly rises upon a cold white dwarf background.
The results of this model can be both verified and validated by comparison against
observations and previous three-dimensional simulations. Our model may help shed
light on the essential physical processes involved during this complex phenomenon.

1 Background and Project Objectives

Type Ia Supernovae are notable as the sources of many intermediate-mass elements,
and have luminosities that can be fit to a standard light curve, allowing the accurate
determination of distances in space. In spite of this, the manner in which these events
occur remains subject to debate in the astrophysics community .

The single-degenerate channel, which our model assumes, states that a white dwarf
star is in a binary system with a main-sequence companion star. The white dwarf is
composed primarily of carbon and oxygen, and does not experience nuclear burning;
rather it is supported by electron degeneracy pressure. However, it is able to accrete
mass from its companion, vastly increasing its central temperature and its mass. This
process will continue until the white dwarf nears the Chandrasekhar mass limit of 1.4
solar masses, above which it cannot remain stable [5].

We then assume a gravitationally-confined detonation (GCD). In this, a nuclear flame
is ignited off-center within the white dwarf, and proceeds to rise to the surface of the star
through buoyant forces, burning mass along the way. This process is called deflagration.
It then breaches the surface of the star, an event called breakout, releasing nuclear ash
into the white dwarf’s atmosphere. Gravitational forces cause this ash to impact the
star on the opposite side, unbinding it, which results in an explosion [14].

To validate the results of our model, we compare it to a three-dimensional simulation
of a single-degenerate supernova with a GCD run by David Falta [6]. As one of the most
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important predictors of the final nucleosynthetic yield of the supernova is the fractional
mass burned prior to breakout, we aim to agree within a factor of two for this quantity,
while maintaining reasonable agreement for other deflagration variables.

2 Methodology

The one-dimensional model assumes a bubble with an initial radius of 24 kilometers,
which is located 40 kilometers from the center of the white dwarf. The progenitor is
assumed to have a constant radius of 2,000 kilometers, and a mass of 1.366 solar masses.

The Morison Equation describes the rise of the bubble. The left hand side is a time
derivative of net inertia, which is the sum of the bubble’s inertia and that of the additional
mass displaced by it, while the right side describes buoyancy and drag, respectively [12].
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Let R be the bubble’s radius, ρ1 the density of the bubble, ρ2 the density of the
background fuel, g the local value of gravitation acceleration, v velocity, and CD the
coefficient of drag. If a subscript for density is not specified, it represents fuel density.

As the bubble rises, it will burn any matter that comes into contact with its surface.
The burned material will fall into the bubble as nuclear ash. As seen in the Morison
Equation, the density difference between the fuel and the ash drives the rise of the
bubble.

The bubble will also expand through the Rayleigh-Taylor instability once its radius,
R, exceeds a length known as the flame-polishing scale, which is the length under which
turbulent structures will not grow significantly. This condition is given below.
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St is the turbulent flame speed, which describes the expansion of the bubble in the
presence of turbulent effects. Khokhlov determined the equation below using his subgrid
model of deflagration [10]

St =
1

2

√
AgR (3)

The turbulent flame speed dominates over the laminar flame speed once the dense
fuel overlaying the less dense ash gives rise to the development of the Rayleigh-Taylor
instability. This occurs early in the deflagration phase, so the turbulent flame speed is
the dominant component of the flame speed at most times [10].

Khokholv noted that equation 4 would cause an overestimate of the flame speed in
one-dimensional simulations [10]. Therefore, we have treated the coefficient in front of
the square root as a free parameter, as follows.

St = N
√
AgR (4)
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A is the Atwood number, a dimensionless quantity that relates the densities of two
fluids across an interface.

A =
ρ2 − ρ1
ρ1 + ρ2

(5)

In the model, the Atwood numbers were calculated as a function of log density based
on a cubic fit to data from Calder et al., assuming nuclear statistical equilibrium [3].

A = 0.008890(log(ρ))3 − 0.1870507(log(ρ))2 + 1.110179(log(ρ)) − 1.226925 (6)

A rigorous calculation of the bubble’s deformation due to the Rayleigh-Taylor in-
stability would be quite complicated. Thus, we instead increase the effective spherical
radius of the bubble to achieve an equivalent effect on burning. [8] .

Ṙ =

(
1 +A
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)
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Sl is laminar speed as a function of fuel density, ρ, as given by Timmes and Woosley
[13].
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The coefficient of drag (CD) for the bubble is another important quantity that varies
as a function of the Reynolds numbers (Re). The latter is a function of the viscosity
within the star, but physically this is a negligible effect [4]. However, the simulation
experiences numerical viscosity as a consequence of truncation errors. Thus, it is neces-
sary to calculate and use the value of the numerical viscosity in Falta’s simulation for a
proper comparison.

Re =
2R

∆x
(9)

R is the radius of the bubble, although more generally, it could be replaced with L, a
characteristic length scale. ∆x is the resolution of the simulation, which is 8 kilometers.

The calculated Re are then used to determine the CD, based on an equation given
in Brennen [2].

CD =
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+
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The constant term was not originally present in Brennen, but was added to ensure
that the CD would approach the correct asymptotic value as Re became large.

Using the aforementioned physics, the model continues to integrate the position and
mass of the flame bubble until the breakout condition is achieved.

xbreakout = RWD −Rbubble (11)
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xbreakout is the position of the bubble at breakout, RWD is the radius of the star, and
Rbubble is the radius of the bubble.

3 Discussion and Results

The most important variable in the model was our free parameter, the coefficient for
the turbulent flame speed, given above as N . Decreasing the value of N would cause
the radius of the flame bubble to contract, significantly decreasing the fractional burnt
mass.

At first, the model was set so that N = 1
4 , but this resulted in burnt masses over 5%.

This was very poor agreement with Falta’s model, which had a fractional burnt mass of
approximately 0.67%. Therefore, we N was varied to see which values would give the
best mass agreement.

Trial-and-error demonstrated this to be between N = 1
10 and N = 1

8 . The former
had a fractional burnt mass ≈ 0.56%, while the latter had ≈ 0.80%. Both cases and
Falta’s fractional burnt mass data are illustrated in Figure 1. We note that there is
particularly good agreement between the three curves at early positions, although they
start diverging from each other at about 250-300 kilometers.

However, observing this figure also reveals a significant problem; the bubble radius
is generally lower in our model than in Falta’s model, as can be determined from the
breakout equation 11. When N = 1

10 , Rbubble ≈ 277 kilometers, while Rbubble ≈ 327
kilometers for N = 1

8 . In contrast, if we make a spherical assumption to calculate Falta’s
bubble radius, we obtain approximately 900 kilometers. Furthermore, the old N = 1

4
assumption would have only given the model a bubble radius of 586 kilometers, yet it was
still several times more massive than Falta’s bubble. Therefore, that the effective density
of the ash within the model’s bubble is much greater. This is particularly puzzling, given
that the models have approximately the same fuel density for a given position; they vary
at most by ≈ 4% at breakout, which can easily be explained by slight differences in
interpolation.

There is also a discrepancy when we consider the rise speed of the model’s bubble
as a function of time versus that of Falta. At breakout, the model’s bubble travels at
approximately 3,423 km/s and 3,467 km/s, for N = 1

10 and N = 1
8 , respectively, while

Falta’s bubble only travels at about 2.1 x 103 km/s at breakout. Figure 2 shows that
our model’s bubbles are consistently faster as a function of time.

The curves for our model and Falta’s simulation also differ qualitatively. Falta’s
bubble noticeably slows down near breakout, and has two local maxima for velocity
versus time. The drag force also eventually overpowers the buoyant force in the one-
dimensional model, but the effect occurs closer to breakout and is much less significant,
to the point of being imperceptible on the graph.

Nevertheless, there are some encouraging signs in our velocity data. The breakout
times for the model are within 15% of that of Falta’s simulation. Moreover, the two
velocity curves for our one-dimensional model agree very well with each other, with
breakout times of 1.154 seconds and 1.165 seconds, for N = 1

8 and N = 1
10 , respectively.
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As stated before, similar agreement can bee found in their velocities. This is evidence of
the property of self-similarity, in which certain properties of the bubble remain nearly
the same at breakout, even as parameters are changed [8]. To make a more dramatic
example, this still holds for velocity and time if we make N = 1

4 instead; the aforemen-
tioned quantities become 3,472 km/s and 1.109 s, respectively. However, it does not
appear true for fractional burnt mass or bubble radius.

In an attempt to determine the cause of the velocity discrepancies between our model
and Falta’s simulation, we tried to analyze the coefficients of drag and Reynolds numbers
of each. Figure 3 shows a plot of the coefficients of drag versus the Reynolds numbers
for our model. Since our approximation of the Reynolds number is a function of bubble
radius, which increases with position, we expect our Re at breakout to be between 70
and slightly more than 80. Likewise, the coefficients of drag will be about 0.86 and 0.80,
respectively. We are still in the process of calculating CD and Re for Falta’s simulation,
so we cannot provide a comparison at this time.

4 Conclusions

Our one-dimensional model has some flaws, but it can nonetheless find good agreement
with the fractional burnt mass and breakout time of a three-dimensional simulation at
a much lower computational cost. We believe that it could find use as a pedagogical
model to instruct undergraduate students in the basic physics of type Ia supernovae.

5 Future Work

We hope to reduce the discrepancies between the model and Falta’s simulation, partic-
ularly with regard to the abnormally large ash densities and small bubble radii.

After this is accomplished, we would like to add the physics of pre-expansion to the
model, the process by which the radius of the white dwarf expands prior to detonation.
Falta’s model includes some pre-expansion, but as the progenitor had 1.366 solar masses,
the effect was negligible. However, the effect may be more important for stars closer to
the Chandrasekhar mass limit of 1.4 solar masses, as these are more unstable [7].

Finally, we may wish to add the effects of progenitor rotation to the model. Recent
work suggests that this may provide additional support to the star, allowing it to have
a greater mass before becoming unstable, which could affect deflagration [9].
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8 Figures

The graphs on the following pages are referred to in the section ”Discussion and Results”.
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Figure 1: The blue curve is the model when N = 1
8 , the red curve is the model when

N = 1
10 , and the black curve is David Falta’s simulation data.

7



Figure 2: The blue curve is the model when N = 1
8 , the red curve is the model when

N = 1
10 , and the black curve is David Falta’s simulation data.
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Figure 3: The blue curve is the model when N = 1
8 , the red curve is the model when

N = 1
10 .
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