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Abstract
We extend Ivan Gutmans idea of graph energy, stemming from theoretical chemistry via the adjacency matrix

of a graph, to energy of arbitrary square matrices. Graph energy is special cases of general matrix energy, as is
the Laplacian energy of a graph as studied recently by Gutman and Zhou. We relate the energy of scalar multiples,
inverse, and conjugates of a matrix to the energy of the matrix. We outline an argument that energy is sub-additive,
utilizing the well-known Weyl inequalities for the eigenvalues of a sum of matrices. Although energy and rank are
not on the face of it connected, and we present examples to show there is no exact correspondence between energy
and rank, we present statistical data that suggests a strong connection for matrices with uniformly random 0,1 entries.
We also use the QR decomposition for matrices to examine the distribution of energy for normally distributed random
orthogonal matrices. In addition, we use the Lp norm to define and explore the Lp energy.

1 Graph Energy
The concept of graph energy was introduced by Ivan Gutman in 1978 [5] in the context of modeling the π-electron
energy of molecules (ref. ). Gutman formulated the -electron energy of certain molecules as the sum of the absolute
values of the eigenvalues of the adjacency matrix of a chemical graph associated with the molecular bonds. Since then
Gutmans concept of the energy of a (generally simple connected) graph has been studied extensively, with much work
done on determining which graphs on a given number of vertices have maximal energy (ref. ).

Energy(G) =
n∑

i=1

|λi| (1)

where G is a simple graph, and represents the eigenvalues of the graph’s adjacency matrix. In certain cases in
Chemistry, the energy of electron bonds can be represented with graph energy. The adjacency matrices of simple
graphs will always have zero values for the diagonal entries.

1.1 Example
Let’s consider graph G in figure 1:

Figure 1: Graph G
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This graph is a complete simple graph with 4 vertices. Its adjacency matrix will look like this:


0 1 1 1
1 0 1 1
1 1 0 1
1 1 1 0



Adjacency Matrix A

which has eigenvalues λ1 = 3λ2 = −1λ3 = −1λ4 = −1 Therefore, the energy of this graph is:

Energy =| λ1 | + | λ2 | + | λ3 | + | λ4 | + | λ4 | + | λ5 |= 3 + 1 + 1 + 1 = 6

2 Matrix Energy
Because Gutman formulated graph energy in terms of the incidence matrix of a graph it seems an obvious question
to generalize the idea of energy to general matrices, and ask what are the properties of this numerical invariant of a
matrix. Some preliminary steps in this direction were taken by Nikiforov [2, 3] and more recently by Kharaghania and
Tayfeh-Rezaie (). In this paper we dene a notion of energy for general square matrices, modeled on Gutmans denition
of graph energy, that is slightly different to that proposed by Nikiforov and utilized by Kharaghania and Tayfeh-Rezaie.
We outline some elementary properties of matrix energy, give some examples, and consider under what circumstances
energy is a sub-additive function.

Energy(M) =
n∑

i=1

|λi − µ| (2)

where λi represents the eigenvalues of M, and µ represents the mean of the eigenvalues. The reason we subtract µ
is to ensure that any order identity matrix will always have an energy of zero. Because the adjacency matrix of a
simple graph has zero valued diagonal entries (thus, a trace of zero), the µ of any adjacency matrix of a simple graph
will always be zero, which is why it does not appear in the definition of the energy of G in equation (1). Unlike
the adjacency matrix of a graph, a general matrix may have nonzero diagonal entries, or even complex eigenvalues.
Nevertheless, the energy will always be real, because we are taking absolute value.

2.1 Energy vs. Rank
In hopes to find a connection between the energy of a matrix and its energy, we collected data from various random
matrices. Using mathematical software, we created 50,000 matrices, of orders 2 through 50, with uniformly random
entries between -50 and 50. Next we calculated the rank and energy of each of these matrices and plotted them on an
energy versus rank graph. Surprisingly, this graph shows a strong correlation between energy and rank. Although it
is not a direct linear correlation, there is almost definitely a sharp analytical upper and lower bound for the energy in
terms of rank. In other words, if the rank of a matrix is known, the energy will be known to be in some discrete range
(see figure 2).
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Figure 2: Energy vs Rank

2.2 Random Orthogonal Matrices
To create a random orthogonal matrix, you must first create a matrix with independent normally distributed random
entries. Then you can take that matrix, M, and decompose it into M = QR, with R being an upper triangular matrix,
and Q being the random orthogonal matrix. Using mathematical software, we constructed various 3 x 3 matrices with
random N(µ, σ) entries for various µ and σ. We then took the first factor of the QR decomposition and used this as
our random 3 x 3 orthogonal matrix. Plotting the energy distribution of these matrices, we come up with the following
figure:

Figure 3: Distribution of Random Orthogonal Matrices

The energy distribution is distinctly U-shaped. However, the distribution does not seem to depend significantly, if
at all, on µ or σ. Typically, a 99.9 % confidence interval for the mean is (2.851, 2.854) and for the standard deviation
is (0.1164, 0.1181). The distribution is, however, distinctly U-shaped, as seen in figure 3.

2.3 Elementary Properties
(1) E(λI) = 0 for all λ ∈ R where I is the nxn identity matrix.
(2) If M is an invertible nxn matrix then E(M−1) = E(M).
(3) If M,N are two nxn matrices then E(MN) = E(NM).
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(4) If M is an nxn matrix and α ∈ R then E(αM) = |α|E(M).

2.4 Example

Let B =
(

1 1
1 0

)
. This is a square root of the well known Arnold cat map

(
2 1
1 1

)
[].It is an oriention-reversing

area-preserving mapping of the plane R2 that preserves the integer lattice Z × Z and descends to a mapping of the
two-dimensional torus T2 = R2/Z× Z. We have the following:

Proposition: E(Bn) = Fn−1

√
5 where Fn is the nth Fibonacci number given by F0 = 1, F1 = 1 and Fn+2 =

Fn+1 + Fn for n ≥ 0.

Proof. It is straighforward to verify that Bn =
(
Fn Fn−1

Fn−1 Fn−2

)
for all n ≥ 0.

The eigenvalues of Bn are therefore 1
2 (Fn + Fn−2 ±

√
(Fn − Fn−2)2 + 4F 2

n−1)
so

E(Bn) =
√

(Fn − Fn−2)2 + 4F 2
n−1.

This is equal to Fn−1

√
5 as a consequence of Fn = Fn−1 + Fn−2. �

3 Sub-additivity
Computational evidence suggests that the energy of real symmetric matrices is sub additive. We executed a calculation
on 50,000 matrix pairs A, B with orders varying from 2 to 50, with random real entries in the range [10, 10]. In no
instance did we find E(A+B) > E(A) +E(B). This made us suspect that for real symmetric matrices A and B, the
energy is sub-additive (a fact that we prove below for the more genral case of Hermitian matrices). That is, that:

Energy(A+B) ≤ Energy(A) + Energy(B) (3)

This, however, does not necessarily hold for non-symmetric matrices, as shown with the counterexample below.

Let

A =
(

1 0
1 −1

)
and

B =
(

1 1
0 −1

)

then:
Energy(A+B) = 2

√
5 > 4 = 2 + 2 = Energy(A) + Energy(B) (4)

Matrices A and B in this example are non-symmetric, but equation (3) is restricted to real symmetric matrices. When
developing a formal proof, we can restrict our attention to n x n matrices with trace of zero. We can do this because
the average of the eigenvalues, µ is equal to the trace of M divided by n. So:

Energy(M − tr(M)
n

I) = Energy(M − µI) = Energy(M) (5)
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and the tr(M − µI) = 0. The collection of these matrices referenced in equation (5) will form an additive subgroup
of all n x n matrices. Therefore we can continue with our proof concentrating only on n x n symmetric matrices with
trace of zero.

3.1 2 x 2 case
Consider the matricesA,B, andA+B, with respective eigenvalues (α1, α2), (β1, β2), and (γ1, γ2). Because tr(A) =
tr(B) = tr(A+B) = 0 , we have:

γ1 + γ2 = α1 + α2 = β1 + β2 = 0

One of the Weyl inequalties [4] states that:

Given a n x n symmetric matrix, for 1 < j, k < n, j + k > n+ 1

λj+k−n(A+B) ≤ λj(A) + λk(B)

If we let j = 1, k = 1, n = 1 then

λ1(A+B) ≤ λ1(A) + λ1(B)

γ1 ≤ α1 + β2

The value of µ for each of these matrices will be zero because we are assuming a trace of zero. Therefore the energies
will be:

Energy(A) =| α1 | + | α2 |= 2α1

Energy(B) =| β1 | + | β2 |= 2β1

Energy(A+B) =| γ1 | + | γ2 |= 2γ1

3.2 n x n case
The proof of the n x n case uses a theorem of Lidskii [1] on the eigenvalues of a sum of Hermitian matrices, which
generalizes the corresponding Weyl inequalities.

Theorem 1 (Lidskii’s Theorem) Let A and B be n x n Hermitian matrices with the eigenvalues of A, B and A + B,

respectively, in decreasing order as follows:

α1 ≤ α2... ≤ αn

β1 ≤ β2... ≤ βn

γ1 ≤ γ2... ≤ βn

Then for any choice of indices 1 ≤ i1 < ... < ik ≤ n we have

5



k∑
j=1

γij ≤
k∑

j=1

αij +
k∑

j=1

βj

Although it seems that there is an asymmetry in this theorem because of the difference in the indices of α and β,
this is only an apparent asymmetry because we are able to interchange matrices A and B.

Our proof also makes use of the function Λ : R→ R defined by Λ(x) = x+ |x|. Note that:

(1) x ≤ Λ(x) for all x ∈ R
(2) Λ(x) ≥ 0 for all x ∈ R

(3) Λ(x) = f(x) =
{

2x : x ≥ 0
0 : x < 0

Theorem 1 E(A+B) ≤ E(A) + E(B) for all n x n Hermitian matrices A, B.

Proof. Let A and B be n ? n Hermitian matrices. We can, by replacing A by A0 and B by B0 , assume that Tr(A) = 0
= Tr(B). the eigenlavues of A are real and since Tr(A) = 0 we know that ?1 0 and ?n 0. Also, ?n = ?1 + . . . ?n?1 .
Corresponding statements hold for the eigenvalues of B, and of A + B which also has trace 0. We have:

E(A+B) = |γ1|+ |γ2|+ ...+ |γn−1|+ |γn| = 2γ1 + Λ(γ2) + Λ(γn−1).

In this expression for E(A+B) we partition the γ2, ..., γn−1 into distinct non-negative eigenvalues γi1 ≥ ...γik
≥ 0,

where 1 = i1 < i2 < ...ik ≤ n, and the remaining negative eigenvalues. We have Λ(γij
) = 2γij

for j = 1, ..., k and
Λ(γl) = 0 for all other eigenvalues γl. Then

E(A+B) =
k∑

j=1

2γij ≤
k∑

j=1

2αij +
k∑

j=1

2βj

thanks to Lidskii’s Theorem.
Here,

k∑
j=1

2αij ≤
k∑

j=1

Λ(αij (=
k∑

j=1

|αij +
k∑

j=1

2βj)

Since Λ(x) ≥ 0 for all x ∈ R as we noted in (1),

k∑
j=1

Λ(αij
) ≤

n∑
j=1

Λ(αj)

Note that:

n∑
j=1

Λ(αj) =
n∑

j=1

|αj |+
n∑

j=1

αj = E(A)

since Tr(A) = 0.
Similarly,
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k∑
j=1

2βj ≤ E(B)

Therefore, E(A+B) ≤ E(A) + E(B). �

Corollary 1 E : Symn(R)→ R is a convex function.

Proof. If A, B are n x n real symmetric matrices and 0 ≤ λ ≤ 1 then

E(λA) + (1− λ)B ≤ E(λA) + E((1− λ)B) = λE(A) + (1− λ)E(B). �

4 Lp Energy of Graphs and Matrices
A standard way of measuring distances between vectors is by use of the Lp norm which is defined as follows:

|| < x1, ..., xn > ||p = (
n∑

i=1

|xi|p)
1
p (6)

for p ≥ 1. Then the L∞ norm is defined as:

|| < x1, ..., xn > ||∞ = max{|x1|, ..., |xn|} (7)

Using these definitions we can define the emphLp energy of an n x n matrix, A,(denoted Ep(A) as follows:

Ep(A) = || < λ1 − µ, ..., λ− µ > ||p (8)

which represents the distance between the vector < λ1, ..., λn > of the eigenvalues of A and the vector < µ, ...µ >

where µ is the mean of the eigenvalues of A.

4.1 Calculations
Computational experimentation suggests that for every adjacency matrix, A, of a simple graph G:

(1) If 1 ≤ p < q then Ep(A) > Eq(A).
(2) If G = Kn is the complete graph on n vertices, then E∞ = 1

2E1(A).
(3) E2(A) =

√
2e where e represents the number of edges in G. (4) For all values of p for Hermitian matrices, the Lp

energy is sub-additive.

4.2 Edge-Dependence of E2(A)

(3) implies that the L2 energy of a graph depends only on the number of edges in G. Below is a plot of the L2 energy
of the adjacency matrices of 100 random simple connected graphs with 7 vertices:
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Figure 4: L2 Energy of Adjacency Matrices

Here we can clearly see the relationship between the L2 − energy of A and the number of edges of G.
However, when we take the L2 − energy of the normalized Laplacian matrix of G rather than the adjacency matrix,
and draw a similar plot:

Figure 5: L2 Energy of the Normalized Laplacian

The connection between number of edges and L2 − energy of the normalized Laplacian is not as clear. The L2 −
energy seems to decrease as the number of edges increase.

4.3 Sub-Additivity of Lp energy
The proof of (4) is not inherently obvious. However, it follows from the fact that for Hermitian matrices, A, the
eigenvalues of A are equal to the singular values of A. For the p = 2 the following relationship called the Frobenius
norm relates the singular values of A with the entries of A.

||A||F =

√√√√ m∑
i=1

n∑
j=1

|aij |2 =

√√√√minm,n∑
i=1

σ2
i (9)
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