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Abstract

This report covers the summer excursion into the world of Computational math-

ematics by two undergraduates who were completely new to the field. Our learning

experience covered a wide spectrum of topics that varied from basic coding skills to

investigating linear approximation techniques. A main focus of the project has been

attempting to understand and reduce the negative effects of the Gibbs phenomenon,

a well known mathematics anomaly that is a problem in the field of approximation

analysis. But using a combination of skills gathered through out this experience we

beleive we may have found a solution

1 Introduction

At every point in ones life we will face a situation where it seems like they are boxed in, stuck
with no other options, and that they are going to be pigeon-holed with that choice and have
the rest of their life chosen for them. This was a decision I was last year when I was deciding
on whether or not if I wanted to become a math major. I wanted to continue studying what
I was passionate about, but did not want to be forced into the career of being a high school
math teacher; I wanted more of a choice. This was around the same time where I was asked
by a professor to come to a class and see if it would be something that could be something
of interest to me. This class happened to be the CSUMS project, a place where they had
ordinary students with varying levels of mathematical backgrounds all working towards a
common goal, to further their knowledge in the computational aspects of math. This class
seemed like it was key to the problem I had been facing, a chance where I would be given
more options in life, and use the math that I have loved and find a way to create some real
world connections to the theoretical math which has been all I have known. When I decided
to join the program I knew it was for me, and from day one I began my high-speed journey
into the field of computational math. Coming into the program with no prior programming
experience and a rather limited math background I felt like I was in a world in which I
did not belong. Never knowing of what for-loops or even MATLAB were, and having my
only being newly introduced to infinite series and graph theory, I felt as if I was going to
be the straggler who was at the back of the pack. When the summer program started I
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was hit with shock when I saw all these higher-level projects at work, but soon enough it
was my time to get involved. My project seemed a little different than others because I
ended up pairing off with Sidafa Conde, another new member, a choice that was made so
we could end up bouncing ideas and learning from one another at a much faster pace than
if we were alone. At the start we ended up setting goals, for me since I was starting with
absolutely no computer background my goals seemed basic, find a project which would not
only help propel me in the math realm but also push me towards a better comprehension of
the computers. After talking with our advisor, Professor Gottilieb, we arrived at a decision,
to work on linear approximation techniques, more specifically the Fourier series.

2 Linear Approximation

Linear Approximation is a technique used to help predict information given set data points.
There are a multitude of applications but are dependent on the different methods and what
information you looking for. For example there are Extrapolation techniques that actually
use the set data points as internal points and uses their behavior to help predict which will
be next to come, this can be used for fields like weather forecasting. Another technique is
called Interpolation, instead of like extrapolation, interpolation means to create points in
between set data points, this allows people to help create a function and new data points
when given scattered data points. For this project on which focuses on the Fourier Series we
decided to use Interpolation as our method.

3 Fourier Series

A formula created by Joseph Fourier that he discovered when studying the movement of
heat waves. He noticed when working with them that he could actually recreate a wave by
breaking it down to a summation of Sine and Cosine waves that were being multiplied by
certain Fourier Coefficients. This recreation formula

F (x) =
a0

2
+

∞
∑

k=1

[akcos(kx) + bksin(kx)] (1)

ak =
1

π

∫ π

−π

f(x) cos (kx)dx k = 1, 2, 3... (2)

bk =
1

π

∫ π

−π

f(x) sin (kx)dx k = 1, 2, 3... (3)

a0 =
1

π

∫ π

−π

f(x)dx (4)

allows a high activity function, with a lot of noise, become cleaned up to an extent so it
could be easier to differentiate or integrate. This is a method used for linear approximation,
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where the given Function F (X) will then be recreated using the Sines and Cosines being
multiplied by the . However some problems may be faced when you are using the periodic
tendencies of the Sine and Cosine waves to approximate non-periodic functions.

3.1 Gibbs Phenomenon

Discovered at first by Henry Wilbraham in 1848, and then re-analyzed by J. Willard Gibbs,
the Gibbs phenomenon is a strange occurrence that happens with, but not solely limited to,
the Fourier approximation where there is a simple jump discontinuity. This discontinuity
creates issues when trying to create a Fourier transform of the line and actually has the
approximation overshoot and undershoot the actual function at the discontinuous point.
These over and undershoots cause major problems for the approximation function because
it then sends a shockwave like effect to the neighboring areas causing them to be inaccurate
too.
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Figure 1: These are the graphs of the Fourier Series suffering from the Gibbs Phenomenon
using 5, 15, and 34 Fourier Coefficients

As you can see above, as we increase the number of Fourier Coefficients, their is a re-
duction in the error. However do to a combination of the Gibbs Phenomenon and round off
error, the third graph shown with 34 coefficients was the best results we could receive when
approximating the sawtooth function.

This figure shows us a major component to the Gibbs Phenomenon, by giving us visual proof
that the shockwave effect is indeed happening too. Notice that the error increase is not only
at the endpoint but at the surrounding areas as well.
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Figure 2: This is the Error Plot of the Fourier Approximation Vs the Sawtooth Function

4 Experiments with Fourier Series and the Gibbs Phe-

nomenon

After experiencing this well-known setback we decided to make it the focus of our project,
to find a method that will rid the effects of the Gibbs phenomenon, thus reduce the number
of data points and Fourier Coefficients need, and to also gain a better general understanding
of other approximating functions.

4.1 Point Selection

The beginning of our research began with different point selection methods, seeing if cluster-
ing or minimizing the points at certain areas of the function could maybe help us see some
trends or find ways to possibly reduce the errors. Sadly this was not the case, when working
to add more points near where the function was suffering from the Gibbs phenomenon, it
only allowed the function to have error at an increased number of points, showing us that
squeezing in a massive number of points does not guarantee it will help track the function
any better when the discontinuity is in the present neighborhood, this actually proved to
us that when in cases of the Fourier Series the easier method of equidistant points actually
produced better results, by still being able to capture the general shape of the function and
maintaining a max error at 10−1. We then realized that for then that was the best we were
going to receive by only manipulating data selection points and that we needed to isolate
and focus on our main problem.

4



5 Epsilon and Erasing the Gibbs Phenomena

Are next attempt to understand this phenomena was to work with different Epsilon values
that would be able to help us manipulate the boundaries of the individual periods of the
function. This could then prove to us that if we could remove the discontinuity and rid
the function of the Gibbs Phenomenon, that we would be able to reach the spectral or near
spectral accuracy for the approximation. In order to do this we isolated one period of the
Saw tooth function, which is actually the function y = x from [−1, 1], we then created an
epsilon variable which we could use to adjust the interval so we could create an optimal
interval where the function remains accurate but the epsilon value remains small enough so
it doesnt take away too much from the original approximation area.
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Figure 3: This is the Approximation Function using Epsilon values accompanied with its
error plot

We found that the a fair trade of for the balance of accuracy and area would be at setting
the Fourier Approximation interval to be [-0.8, 0.8], and setting our epsilon value to be 0.2.
This allowed us to see that there exists an optimal interval where the Fourier series can be
applied on functions with discontinuities and still reach spectral accuracy. Now we wonder
is there a different approximation method, which is better at approximating function where
the jump discontinuities exist.

6 Lagrange Polynomials

Lagrange Polynomial: Unlike the Fourier series which uses Sine and Cosine waves, the
Lagrange Polynomial uses a Polynomial based approximation, which approximates very well
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for a multitude of functions, especially polynomials. (I.e. the saw tooth wave)

L(x) ≈

k
∑

j=0

yjlj(x)

where lj(x) is the Lagrange basis polynomial

lj(x) =
k

∏

i=0i6=j

x − xi

xj − xi

=
x − x0

xj − x0

· · ·
x − xk

xj − xk

where x0, x1 · · ·xk−1, xk are the data points.

One issue that we have come across using the Lagrange polynomial is that accuracy of the
approximation function is highly dependent on the number and location of the data points.
For example when using equidistant points to approximate the function, the approximation
near the boundaries tends to have some issues. [h!] As you can see the function is able to
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Figure 4: This is the plot of the Lagrange Polynomial approximation of the Function Y = |x|
using equidistant points

capture the function around the area x = 0 however it began to stray away from the function
rapidly as the distant The reason being that the Lagrange Polynomial requires more data
points close to the boundaries. One solution to this issue was created by Pafnuty Chebyshev,
and what are now known as the Chebyshev points.

X = −cos(pi ∗
Xj − 1

X − 1
)

This method of point selection uses the basis of the shape of the cosine curve to help it group
its points near both of the boundaries, thus clearing up this issue. However this what seems
like a viable solution to the inaccuracies of the Lagrange Polynomial, is now creating another
problem with certain functions. As you can see the approximation using the Chebyshev
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Figure 5: This is the plot of the Lagrange Polynomial approximation of the Function Y = |x|
using the Chebyshev Points

points is now facing a dilemma because it is able to predict the endpoints accurately because
a lot of data points exist near the boundaries, now if there is high activity in the middle
region, where a low percentage of the data points are, the approximating polynomial will
not be able to capture the function accurately at all points. But since this is able to still
approximate near the boundaries, this may be a key to our problem with Gibbs Phenomenon.

7 Fourier-Lagrange Hybrid: a Piece-Wise Approach

for Linear Approximation

After experimenting with various aspects of the approximating functions we believe we may
have found a proper way to incorporate the different techniques we learned to create a
approximating function that will be extremely accurate at all points, even where the Gibbs
Phenomenon had taken place. This was done by creating a piecewise approximating function
that would interchange between the use of a Fourier Series and the Lagrange Polynomial
and incorporate the strengths of each function that will counteract the others weaknesses.
I.e the Lagrange may capture the endpoints very well on certain functions, but may have
trouble correctly recreating the middle region. Mean while the Fourier Series is a strong
approximating tool, however it faces issues when you try to approximate a non-periodic
function which then creates the Gibbs phenomenon. So to take the benefits of each of these
functions only seems like the best choice and along the way it will remove the weaknesses of
the original functions, thus creating this hybrid piecewise approach:

F (x) =







∑k

j=0
yjlj(x) : −1 ≤ x < −0.8

a0

2
+

∑∞

k=1
[akcos(kx) + bksin(kx)] : −0.8 ≤ x ≤ 0.8

∑k

j=0
yjlj(x) : −0.8 ≤ x < −1

As you can see the piecewise approximation uses the Lagrange polynomial for the two end-
point regions and incorporates the Fourier approximation in the middle region. Notice the
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Figure 6: This is the plot of the Fourier Lagrange Hybrid Method accompanied by its error
plot

error has been greatly reduced at all points of this approximation. Unlike before where the
Fourier series was facing issues from the Gibbs phenomenon, and its error being in the range
of 10−1 to 10−4, our hybrid method drastically reduces this error to a new range of 10−15

to 10−17. This makes clear evidence that this method allows us to reach spectral accuracy
across the region, and gives us an option as a way to side step the Gibbs Phenomenon.

8 Side Note

After our successful run of our program one of our advisors, Professor Alfa Heryudono,
presented us an article published by Anne Gelb and Rodrigo Platte who used a similar
combination method which consisted of Chebyshev Polynomials and the Fourier Series [1].
Even though our method resulted in not being completely original, we feel that it ended up
solidifying the fact that are research has been making progress.

9 Conclusion

Throughout this adventure into the realm of computational math we encountered many
roadblocks along the way, but along with them came the solutions to these problems that we
will not soon forget. After only a few short weeks we were able to gain so much knowledge
and research skills that I feel my skills have grown to another level. Coming in not knowing
Matlab or Linear Approximation, I would never expected that in the end result we would
have quite possibly came up with a solution to a much known dilemma. Also besides the
research the true thing that I feel I have gained was direction and options. I also never
expected to go into the program as one who was resistant to computers, and come out as
a Computer oriented math major. During this session I felt as though that I am not only
being prepared for the few years to come, but I have also gained invaluable experience that
I will never forget.
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10 Future/Current Work

We have been hard at work to improve are programs and bring them to the highest standards.
Currently we have been in the works on the coding of a new Multi-Quadric Radial Basis
Function that will hopefully be able to detect an optimal Shape Parameter, and the Optimal
number for any function. This would then allow it to produce the best results. Along with
that we are creating a new piece-wise RBF-Fourier Hybrid and are seeing if we can reach
more results. The next phase in our research will be after comparing different approximation
techniques, we will be studying and comparing the difference between the Galerkin approach,
a more exact approximation, and the Interpolation approach, on the Fourier series and
compare results. This will then bring us into the field of aliasing effects and we can study
how much a factor it truly is.
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APPENDIX

MATLAB codes

Fourier Test

clear all;

close all;

clc

Np = 101; % This is the number of points used to estimate the integration

Nc = 1; % This is he number of coeficients in the fourier series

error = [];

Ncoeffs = [];

%X= linspace(-0.8,0.8,Np);

%X= linspace(-1,1,Np); % This is used for equally distant points from -1,1

%ep=0; %This is the distance from the endpoints, Helps us lower the error

%Xleft = linspace(-1+ep, -0.8, ceil(.2*Np)); %Clusters points to the left boundry

%Xmid = linspace(-0.9, 0.9, .6*Np); % Middle points

%Xright = linspace(0.8, 1-ep, ceil(.2*Np)); % clusters poins to right boundry
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%X= (1/2).*(randn(1,Np)) %Using normalized distributed points

%sort(X)

%X = [ Xleft(1:end-1), Xmid, Xright(2:end) ];

%X= Xmid

%= linspace(-.8,.8,Np);%our range for our F

%X= linspace(.8,1,Np);

X= -cos(pi*(0:Np-1)/(Np-1));

Y= (X(1:end-1)) + 0.5*diff(X); M = length(Y); %Fourier Series

%X2= linspace(1,3,Np);

X2= -cos(pi*(0:Np-1)/(Np-1));

%X2= linspace(1,3,Np);

Y2= (X2(1:end-1)) + 0.5*diff(X2); M2 = length(Y2); %Fourier Series

%X3= linspace(-3,-1,Np);

X3= -cos(pi*(0:Np-1)/(Np-1));

%X3=linspace(-3,-1,Np);

Y3=(X3(1:end-1)) + 0.5*diff(X3); M = length(Y3); %Fourier Series

%sx = @(x) sqrt(1-x.^2);

%M = 501;

%Y = linspace(-1,1,M);

%while ( (maxerror > 10e-4))*

while Nc < 25;

%A = zeros(Np, Nc);*

%B = zeros(M,Nc);*

% Is the function even or odd?

%Is the function odd?

if all( F(-X) == -F(X) );

%Function is odd

%Calculate Coefficients by Collocation

A = sin(pi*(X’*(1:Nc)));

B = sin(pi*(Y’*(1:Nc)));

coef = A\F(X’);

%Is the function even?

elseif all( F(-X) == F(X) );

%Function is even

%Calculate Coefficients

A = cos(pi*(X’*(1:Nc))); A = [0.5*ones(length(X),1) A];

B = cos(pi*(Y’*(1:Nc))); B = [0.5*ones(M,1) B];

coef = A\F(X’);

else

% A= cos(pi*(X’*(1:Nc))); A = [0.5*ones(Np,1) A];

% B= cos(pi*(Y’*(1:Nc))); B = [0.5*ones(M,1) B];

% coef = A\F(X’);
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end

maxerror = max(abs( B*coef - F(Y’)));

error(end+1) = maxerror;

Ncoeffs(end+1) = Nc;

Nc = Nc+1;

end

semilogy(Ncoeffs, error,’r’)

title(’Error over Coeficients’)

figure

plot(Y,B*coef,’--ob’)

hold on

plot(Y,F(Y),’--r’)

hold on

plot(Y2,B*coef,’--ob’)

hold on

plot(Y2,F(Y),’--r’)

hold on

plot(Y3,B*coef,’--ob’)

hold on

plot(Y3,F(Y),’--r’)

title(’Function Vs. Estimate’)

figure

error = abs( B*coef - F(Y’));

semilogy(Y’, error)

title(’Error over Points’)

ylim([min(error) max(error)])

grid on;

maxerror

finterp

function [f,error,Ncoeffs] = finterp(x,xgrid,Nmax)

x = x(:); x = x’;

xgrid = xgrid(:); xgrid = xgrid’;

[error,Ncoeffs] = deal([]);

M=[1];

Nc = 1;

while Nc < Nmax;
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%Is the function odd?

if all( F(-xgrid) == -F(xgrid) );

%Function is odd

%Calculate Coefficients by Collocation

A = sin(pi*(xgrid’*(1:Nc)));

B = sin(pi*(x’*(1:Nc)));

coef = A\F(xgrid’);

%Is the function even?

elseif all( F(-xgrid) == F(xgrid) );

%Function is even

%Calculate Coefficients

A = cos(pi*(xgrid’*(1:Nc))); A = [0.5*ones(length(xgrid),1) A];

B = cos(pi*(x’*(1:Nc))); B = [0.5*ones(length(x),1) B];

coef = (A)\(F(xgrid’));

else

display(’Not done yet, Ask my grandma’);

keyboard; % to get out of K>> type dbquit.

end

maxerror = max(abs( B*coef - F(x’)));

error(end+1) = maxerror;

Ncoeffs(end+1) = Nc;

Nc = Nc + 1;

end

f = B*coef;

lagrangepoly

clear all;

close all;

clc

Np = 50; % This is the number of points used to estimate the integration

error = [];
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Xgrid= linspace(-1,1,Np); % This is used for equally distant points from -1,1

%Xgrid= -cos(pi*(0:Np-1)/(Np-1)); %Chebyshev Points

Xint= (Xgrid(1:end-1)) + 0.5*diff(Xgrid);% Interpolation Points

[Approx] =lgranfunc(Xint,Xgrid)

maxerror = max(abs( Approx - F(Xint’)));

error(end+1) = maxerror;

figure

plot(Xint,Approx,’--og’)

hold on

plot(Xint,F(Xint),’--r’)

title(’Function Vs. Estimate’)

figure

error = abs( Approx - F(Xint’));

semilogy(Xint’, error)

title(’Error over Points’)

ylim([min(error) max(error)])

grid on;

maxerror

lgranfunc

function f = lgranfunc(x,xgrid)

x = x(:);

xgrid = xgrid(:); N = length(xgrid);

L = zeros(length(x),length(xgrid));

for i=1:N

%denominator for L(I)
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y=xgrid;

y(i)=[];

denom=prod(xgrid(i)-y);

%numerator

numer = 1;

for j=1:length(y)

numer = numer.*(x-y(j));

end

L(:,i) = numer/denom;

end

f = L*F(xgrid);

Fourierlagrangehybrid

%This is a interpolation method that uses both a Fourier Series and

%a Lagrange Polynomial to help reach the best approximation of a given

%function. The combination of these methods help make up for the Jumps that

%occur when using a fourier series to approximate a non-periodic line, and

%also lets us remove the dependancy of Chebyshev Points when using a

%Lagrange Polynomial, Thus Creating the Fourier-Lagrange-Hybrid Method of

%Interpolation.

%**This method is only currently working for Even/Odd Funtions, not neither

%this is in the process of being fixed.***

%Be sure to have the files "F.m" open for our input function, "lgranfunc.m" for

%the computing of the lagrange polynomial, and "finterp.m" for computing

%the fourier series, all files are located in Zack&Sidafa Folder subfolder

%fourier project

clear all;close all;

clc

D =.8 ; % This is defines the area where the regions are seperated

pptb = .2; %This determines the percentage of points placed in the boundaries

Nleft = 14; %Number of Points at left region

Xleft = linspace(-1,-D,Nleft); %Defines where left Region is located

Yleft = (Xleft(1:end-1)) + 0.5*diff(Xleft); %Defines Interpolation points in left region
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Nright = Nleft;%Number of Points at right region

Xright = linspace(D,1,Nright); %Defines where right Region is located

Yright = (Xright(1:end-1)) + 0.5*diff(Xright); %Defines Iterpolation points in left region

Nmid = 500; %Number of Points in the Middle region

Xmid = linspace(-D,D,Nmid); %Defines where right Region is located

Ymid = (Xmid(1:end-1)) + 0.5*diff(Xmid); %Defines Fourier points in Mid region

Np =(Nleft+Nright+Nmid)

X = [Xleft Xmid Xright]; %This is the Gridpoints from -1 to 1, with varying

%#’s of clustered points in different regions

Y = [Yleft Ymid Yright]; %These are the Interpolation Points from -1 to 1,

%with varying #’s of clustered points in the regions

[Fmid,error,Ncoeffs] = finterp(Ymid, Xmid,53);%Applies Fourier interpolation method in the

Fleft = lgranfunc(Yleft, Xleft); %Applies the Lagrange polynomial Interpolation at both

Fright = lgranfunc(Yright,Xright);

Fapprox = [Fleft;Fmid;Fright]; %This is the combining of the interpolations in all three

semilogy(Ncoeffs, error,’r’)

title(’Error over Coeficients’)

figure

plot(Y’,Fapprox,’--og’)

hold on

plot(Y,F(Y),’--r’)

title(’Function Vs. Estimate’)

figure

error = abs(Fapprox - F(Y’));

semilogy(Y’, error)

title(’Error over Points’)

ylim([min(error) max(error)])

grid on;

F

function y = F(x)
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%y=x;

y = sin(pi*x);

%y = 2*cos(2*pi*x) + 3*cos(8*pi*x);

%y = exp(x);

%y = 1./(1+16*x.^2);

%y= abs(x);

%y =

%flag = x == 0;

%m = size(x,1); n = size(x,2);

%y = zeros(m,n);

%y(~flag) = x(~flag).^2.*sin(1./x(~flag));

%y=exp(-50*x.^2 )

end
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