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1 Undergrad Conference Abstract

The energy of a graph was first studied by Ivan Gutman in the late 1970’s
as a result of his work in theoretical chemistry. In 2006 the idea of energy
was extended to the Laplacian matrix of a graph by Gutman and Zhou. A
matrix whose eigenvalues more closely reflect structural properties of a graph
is the normalized Laplacian matrix, as defined by Fan Chung (Spectral Graph
Theory). Here we describe preliminary results on the normalized Laplacian
energy of a graph. Complete graphs and star graphs have energy 2, while the
connected paths appear to have maximal normalized Laplacian energy for a
given number of vertices. We will compute expressions for the normalized
Laplacian energy of certain well known classes of graphs including cycles,
paths and hypercubes. We will discuss the observation that connected graphs
seem to have minimal energy 2 – known to be true for bipartite graphs - and
present results on the distribution of the normalized Laplacian energy for
classes of random graphs.

2 Matrices associated with a graph:

Simple graphs consist of vertices joined by trees(edge) with no multiple edges,
and no loops.

The Adjacency Matrix of a graph has rows and columns for each vertex,
v, with an entry of 1 in the (i,j)th place if vertices vind vjre joined by an
edge(adjacent) and an entry of 0 otherwise.
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]

(1)

Denote the number of edges meeting vertex v, the degree, by d. The
Normalized Laplacian matrix has an entry

− 1√
didj

(2)

when i 6= j both di and dj 6= 0 and vi is adjacent to vj (0 otherwise), and 1
when i=j

3 Eigenvalues and Eigenvectors

Eigenvectors are non-zero vectors which may change in length, but not in
size.

The eigenvalue, is the value at which an eigenvector occurs. (amount of
stretching)

3.1 Eigenvalues of the Normalized Laplacian Matrix

Eigenvalues of Laplacian matrix generally reflect ”‘deeper” properties of a
graph.

• The multiplicity of the eigenvalue 0 counts the number of connected
components.

• The largest eigenvalue is exactly 2 when the graph is biparticle.

• The third largest eigenvalue is roughly measures how hard it is to cut
the graph into distinct pieces.

• The eigenvalues of the normalized Laplacian matrix are also related to
behavior of random walks on the graph.

The eigenvalues of the Laplacian matrix always lie between 0 and 2, with
the multiplicity of 0 being the number of connected components of the graph,
and witht the largest eigenvalue = 2 exactly when the graph is biparticle.
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3.2 Normalized Laplace Energy

Define the Normalized Laplacian energy, L(G), of a graph G, as a special
instance of the energy of a matrix. If L is the Normalized Laplacian of a
matrix, then:

L(G) =
∑

|λi − 1| (3)

where λi.... λn are the eigenvalues of L.
Note that the ”‘1” in the above formula is the average of the eigenvalues:

it is the trace of L divided by the order of L(the number of vertices in the
graph).

3.3 Examples of Normalized Laplacian Energy

For the complete graph, Kn on n vertices. L(Kn) 2 ; Independent on vertices:
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(4)

The eigenvalues are clearly n/(n-1) with multipilicity n-1 and 0 with mul-
tiplicity 1; Since these make the rank of λI-L less than n.

So, L(Kn) = |0 − 1| + | n

n − 1
− 1| + ..... + | n

n − 1
− 1| = 2 (5)

A similar result is produced for a star Sn with n vertices:

L(Sn) = 2 (6)

independent of n.

3.4 Normalized Laplacian energy of a path

The Normalized Laplacian energy L(Pn)f a path Pnn n vertices is more dif-
ficult to compute. The idea to calculate the eigenvalues of the Normalized
Laplcaian matrix first relies on calculating the eigenvalues of the adjacency
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matrix, and then carrying out a transformation to get the Normalized Lapla-
cian matrix. To calculate the eigenvalues of the adjacency matrix of a path,
it needs to be calculated first by a cycle, and then relates a path to a cycle
by doubling up the path and joining ends.

The result is that the eigenvalues of the Normalized Laplacian matrix of
the path Pnn n vertices are:

1 − cos
kπ

n − 1
, k = 0, ..., n − 1 (7)

Therefore,

L(Pn) =
∑

| cos
kπ

n − 1
| (8)

3.5 Maximal and Minimal Normalized Laplacian en-

ergy

1. The minimal normalized Laplacian energy of a connected graph is 2. 2.
The maximal normalized Laplacian energy for a connected with n vertices is
achieved for a path Pnn n vertices. In other words, we suspect that for all
connected graphs G with n vertices:

2 ≤ L(G) ≤
∑

| cos
kπ

n − 1
| (9)

The number of different connected graphs with n vertices grows rapidly
with n, making exhaustive computation of Normalized Laplacian energy com-
putationally infeasible even for moderate values of n.

Aside from the rapidly increasing number of connected graphs, numeri-
cally computing eigenvalues of the normalized Laplacian matrix of a graph
with n vertices is computationally challenging for even moderately large n.
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