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1 Introduction

Beauty can be found in both nature and in art. Mathematics can be used to bridge the
gap between the two. Simple mathematical algorithms can produce beautiful and complex
images, called fractals. The word fractal was coined by Benoit Mandelbrot in 1982. A frac-
tal is a self-similar geometric shape or object that is both mathematically and artistically
beautiful. Self-similar means that it appears relatively the same from close up and from far
away. Fractal geometry is used to describe the shapes of certain physical structures which
are too complex to be explained with simple classical geometry. Fractal geometry can be
used to describe phenomenal shapes found in nature, too. Some examples of this are the
outline of a cloud, growth patterns of certain types of broccoli, leaves of a fern, branches on
an oak tree, and coastlines of the land on Earth.

2 Sierpinski Gasket

The Sierpinski gasket (or Sierpinski triangle) is one of the most well-known fractals. Figure
1 shows the basic way that it can be made.

A Multiple Reduction Copy Machine (MRCM) is a processing unit equipped with three
lenses. When an image is placed into it, each lens copies the image, reduces it by 50 percent,
then places the copies into a triangle formation (one copy on top, and two identical ones
below). When the machine is run multiple times, there is an arrangement of smaller and
smaller composite images which will transform perfectly into the Sierpinski gasket. Peitgen

Figure 1: Transition into the Sierpinski gasket
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Figure 2: MRCM Method, iteration 1

Figure 3: MRCM Method, iteration 4

states that any arbitrary starting image can be used, and the machine will always reduce
it into the gasket.[3] I tried this method, using my name as a starting image, and Adobe
Photoshop as a make-believe MRCM.

Figure 2 was after the first iteration, and Figure 3 was after the fourth iteration. Figure
4 was only after the ninth iteration, but it looks drastically different from Figure 3. It is
not even possible to tell what the starting image was anymore, all that is easily visible is
an image of a self-similar fractal, the Sierpinski gasket. But this image is actually just my
name, ”KATIE”, repeated 39 = 19, 683 times.

3 Iterated Function Systems

A metric space (X, d) is a space X with a real function d : X ×X → < which meausres the
distance between pairs of points x and y in X. d obeys the following axioms:

1. d(x, y) = d(y, x)∀x, y ∈ X

2. 0 < d(x, y) <∞∀x, y ∈ X

3. d(x, x) = 0∀x ∈ X

4. d(x, y) ≤ d(x, z) + d(z, y)∀x, y, z ∈ X

The function d is called a metric. An iterated function system (IFS) consists of a com-
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Figure 4: MRCM Method, iteration 9

plete metric space together with a finite set of mappings acting on it. An attractor is the
finite set of maps acting on the complete metric space.[1]

Some of the fractals found in nature can be demonstrated using an IFS, with a specific
attractor. They are generated using repeated transformations of a point. Here is a descrip-
tion of the IFS for a fractal fern (Figure 5). There are four transformations of the form
x→ Ax + b. They are as follows:

A1 =

(
0.85 0.04
−0.04 0.85

)
, b1 =

(
0

1.6

)
A2 =

(
0.20 −0.26
0.23 0.22

)
, b2 =

(
0

1.6

)
A3 =

(
−0.15 0.28
0.26 0.24

)
, b3 =

(
0

0.44

)
A4 =

(
0 0
0 0.16

)
A1 moves the point up and to the right. This transformation is used 85 percent of the

time. A2 moves the point to the lowest subfern on the right. This is used 7 percent of the
time. A3 moves the point to the lowest subfern on the left, and is also used 7 percent of
the time. A4 moves the point to the stem, and it is used 1 percent of the time. A proba-
bility vector is utilized in the code to determine which transformation is used during each
iteration.[1] After about 1,000 iterations, an image of a fern starts to appear. After 20,000
iterations, the fern image is very clear.
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Figure 5: Fern IFS

3.1 IFS Fern MATLAB Code

function fern

set(gcf,’color’,’white’)

x = [.5; .5];

h = plot(x(1),x(2),’.’);

set(h,’markersize’,2,’color’,[0 2/3 0],’erasemode’,’none’)

axis([-3 3 0 10])

axis off

p = [ .85 .92 .99 1.00];

A1 = [ .85 .04; -.04 .85]; b1 = [0; 1.6];

A2 = [ .20 -.26; .23 .22]; b2 = [0; 1.6];

A3 = [-.15 .28; .26 .24]; b3 = [0; .44];

A4 = [ 0 0 ; 0 .16];

for n=1:20000

r = rand;

if r < p(1)

x = A1*x + b1;
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elseif r < p(2)

x = A2*x + b2;

elseif r < p(3)

x = A3*x + b3;

else

x = A4*x;

end

set(h,’xdata’,x(1),’ydata’,x(2));

drawnow

end

4 Escape Time Algorithm

Another way to produce a fractal is by using a coloring algorithm, such as the escape-time
algorithm. The escape time algorithm for computing pictures can be applied to any dynam-
ical system of the form {<2; F}, {C; F}, or {Ĉ; F}. A viewing window (W ) needs to be
specified, and a region (V ) where orbits of points in W might escape. This algorithm will
result in a picture where each pixel corresponds to the point z which is colored according to
the number of iterations it takes for it to tend to infinity. [3]

The escape time algorithm applied to the dynamical system f : Ĉ → Ĉ defined by
f(z) = z2 can be expressed as a transformation by f(x, y) = (x2 + y2, 2xy). Orbits of the
points in F = z ∈ C : |z| ≤ 1 converge to a point at infinity, and points in the interior of
F converge to the origin. F is called the filled julia set associated with the polynomial
transformation f(z) = z2. The boundary of F is called the Julia set of f . Different Julia
sets exist when using complex quadratic polynomials of the form f(z) = z2 + c, where c is
a complex parameter. The plane of all possible c values is the Mandelbrot Set. That is, a
parameter c can be found by selecting any complex point on the Mandelbrot Set. [3]

4.1 Julia Set Matlab Code

k=1000;

x1=[-2 2];

y1=[-2 2];

n = 500;

x = linspace(x1(1,1),x1(1,2),n);

y = linspace(y1(1,1),y1(1,2),n);

[X,Y] = meshgrid(x,y);

W = zeros(length(X),length(Y));

5



for m = 1:size(X,2)

for j = 1:size(Y,2)

[w,t] = Julia(X(m,j)+Y(m,j)*1i,1i,k);

z = X(m,j)+Y(m,j)*1i;

W(m,j) = W(m,j) + t;

end

end

colormap(jet);

pcolor(W);

shading interp;

function [a,b] = Julia(z,c,k)

R = max(abs(c),2);

i = 0;

while i < k

if abs(z) > R

a = 1;

b = i;

return;

end

z = z^2+ c ;

i = i + 1;

end

a = 0;

b = i;

4.2 Julia Images

Figure 6 to Figure 14 were created using the code above. A different value of the complex
parameter c in z = z2 + c was substituted into the same code in order to produce different
types of Julia sets. The image also depends on the number of iterations that the code used.

Figure 6, Figure 7, and Figure 8 used c = −.74543 + .11301i. The code went through 20
iterations to create Figure 6, 100 iterations to create Figure 7, and 1000 iterations for Figure
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Figure 6:

8. The color bar connected to each image shows the number of iterations which correspond
to each color on the color map. So, each point is colored depending upon the number of iter-
ations it took to go to infinity. Figures 9, 10, and 11 were made with c = −.67319 + .3442i.
The code went through 20 iterations to create Figure 9, 100 iterations to create Figure 10,
and 1000 iterations for Figure 11. Figure 12, Figure 13, and Figure 14 used c = 0.285+0.01i.
The code went through 20 iterations to create Figure 12, 100 iterations to create Figure 13,
and 500 iterations for Figure 14. Note that with 500 iterations, the color bar only reaches
300. This means that the maximum number of iterations that it took for all the points to
escape was 300.

5 Conclusion

It has been a very rewarding experience to be a part of CSUMS. I knew absolutely nothing
about my topic when I chose it, but with the guidance of the faculty advisors and other
CSUMS students, I was able to learn an abundance of information over the course of one
semester. I would like to say thank you to the National Science Foundation for funding this
project, and to Alfa Heryudono for running an awesome seminar course.
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Figure 7:

Figure 8:
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Figure 9:

Figure 10:
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Figure 11:

Figure 12:
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Figure 13:

Figure 14:
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