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0.1 Simulation of Daily Wastewater Flow

The first thing that I set out to do was to create a simulation that would
model the daily wastewater flow at the Fairhaven wastewater treatment fa-
cility. The Town of Fairhaven collects data on the daily wastewater flow,
among other things, but this information is only available as print copies
and all entries had to be transcribed by hand. For this reason, the simula-
tion was based on solely on two years of data: 2007 and 2008.
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Figure 1: Raw Wastewater Data for 2007 and 2008

A plot of the cumulative sum (xn =
∑n
i=0 xi) shows that the wastewater

flow never remains far from the average for very long. The slope of a plot of
the cumulative sum is 2.057. This means that over the long term, each addi-
tion day that passes yields an additional 2.057 million gallons of wastewater.
This is close to the sample mean which is 2.23. The Pearson’s correlation
coefficient of the cumulative sum is very high at 0.9943. This suggests that
even in the short-term, the data can be well represented by random fluctua-
tions about 2.057 MGD (million gallons per day).
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Figure 2: Cumulative sum of wastewater Data. Linear regression and corre-
lation coefficient generated using R.

In order to model the random fluctuations, the first thing I did was sub-
tract 2.057 from all the wastewater values. This gives the size of the fluctu-
ations. This is similar to subtracting off the mean to find the residuals. For
this reason, I’ll refer to the differences from 2.057 as the residuals. I then
created a histogram to show how often values within a certain range occur.
The following plot divides the range of the residuals into 100 equally spaced
sections and counts how many values within each section occurs.

Most programs for computational mathematics have a function built into
them called a random number generator. This can be used to create a sim-
ulation that is stochastic in nature. They are often called pseudo-random
number generators because numbers are arrived at based on a process that
is deterministic. Random number generators produce numbers that are uni-
formly random, meaning that one number is not any more li kely than an-
other. As you can see figure 3, the residuals are not uniformly random; small
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fluctuations are much more likely than large ones, but some very large fluc-
tuations do occur.

Figure 3: Histogram of the fluctuation about 2.057 using 100 bins . Gener-
ated using MATLAB.

Since our data is not uniformly random, the random number generator must
be used along with a distribution that shows how probable the different val-
ues are. To do this I used a cumulative distribution function. Like a random
number generator, the cumulative distribution function (CDF) of a random
variable produces values from zero to one. The difference is that the cumu-
lative distribution function does not go from zero to one at an even pace. A
uniform distribution would look like a straight line that starts at the origin
and goes up to one. A nonuniform distribution is more steep for values that
are more probable. This means that if you choose a random y-value with
the random number generator, the corresponding x-values for the residuals
occur about as frequently as in the sample data.

The CDF is the integral of the probability distribution function and the
probability distribution function can be thought of as a smoothed out his-
togram that sums to one. Therefore, to create my CDF, I started by creating
a histogram with 1000 bins (the domain is divided into 1000 equal seqments).
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Using the command [n,xout]=hist(residuals,1000) in Octave (an open-source
version of MATLAB) I could save the frequencies (n) and corresponding
wastewater fluctuation amounts (xout). Using this data, I created a discrete
cumulative distribution function using the trapezoidal form of Riemann sum
numerical integration and then normalized the data by dividing every value
by the maximum value so that the highest value is equal to one while retain-
ing proportionality.

Figure 4: Cumulative distribution function of the residuals. Generated using
MATLAB.

Using the discrete CDF, I could then go about modeling the daily wastew-
ater flow. I chose to use Python, because Visual Python allows one to create
3D animations and Python allows one to easily modularize a program. The
Python code provided called numgenerator.py uses the CDF, the random
number generator, and the base value of 2.057 to generate a random wastew-
ater amount for each day. The Python code simwresid.py calls numgenera-
tor.py, to create a graph that moves forward with time to plot the wastewater
amount for each day that goes by. The Python code animation.py creates
a 3D model of an Algaewheel in which the amplitude of the curves is de-
termined by the amount of wastewater for that day on the corresponding
wastewater graph. If you don’t have Python on your computer, you can
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watch the animation by opening the file WasteWater.mov.

0.2 Determining the Carbon Impact

0.2.1 Algae Yield

It is very difficult, even in the biological sciences, to try to model algae
growth. This is because algae growth depends on a variety of factors, includ-
ing the amount light, carbon dioxide, oxygen, and nutrients, the pH of the
water, and the temperature. According to Mark Drewes of Algaewheel, Inc.,
one million gallons of wastewater should produce between 3,000 and 6,000
pounds of biomass. This biomass is a mix of algae, sludge, and bacteria. In
order to get a rough approximation of how much algae would be produced,
I took a uniform distribution from 1,000 to 4,000 pounds of algae per mil-
lion gallons of wastewater. The graph below shows how much algae would
be produced given various wastewater amounts and various algae yields per
million gallons of wastewater.

Figure 5: Surface represents possible algae yields in kilograms given different
wastewater amounts and wastewater to algae conversion factors. Generated
using MATLAB
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0.2.2 Biochemical Makeup of Algae

Most of the carbon atoms in algae are found in carbohydrates and lipids.
The lipids are used for producing biodiesel while the carbohydrates could
be sold to make any number of products from fertilizer to biodegradable
plastic. There are many different types of algae and each type has a different
biochemical makeup. To get a general idea of how much of the algae mass
would be carbohydrates and how much would be lipids, I took the averages
for 16 strains identified by Oilgae.

Strain Carbohydrates(%) Lipids(%)
Scenedesmus obliquus 10-14 12-14
Scenedesmus dimorphus 21-52 16-40
Chlamydomonas rheinhardii 17 21
Chlorella vulgaris 12-17 14-22
Chorella pyrenoidos 26 2
Spirogyra sp. 33-64 11-21
Dunaliella bioculata 4 8
Dunaliella salina 32 6
Euglena gracilis 14-18 14-20
Prymnesium parvum 25-33 22-38
Tetraselmis maculata 15 3
Porphyridium cruentum 40-57 9-14
Spirulina platensis 8-14 4-9
Spirulina maxima 13-16 6-7
Synechoccus sp. 15 11
Anabaena cylindrica 25-30 4-7

Table 1: Chemical Composition of Algae Expressed on A Dry Matter Basis
(%). Data from: http://www.oilgae.com/algae/comp/comp.html

This yielded an average of 14% lipids and 24% carbohydrates. Actual
percentages would depend on the population densities of local algae strains.
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0.2.3 Carbon Content of Algae

Carbohydrates and lipids are polymers of simpler molecules called sugars and
fatty acids respectfully. While there are a variety of different sugars and fatty
acids, most sugars have around six carbon atoms and weigh 180.156 g/mol
and most fatty acids have around 20 carbon atoms and weigh around 302.98
g/mol (wikipedia.org). To find out how much carbon dioxide is absorbed in
the production of carbohydrates and lipids, a little stoichiometry is in order.

Calculate algae yield and convert to kilograms:

A(ww, α) = ww(MGD) ∗ α lb
gal
∗ 0.2453237kg

lb

where α is the wastewater to algae conversion factor.

Calculate CO2 from lipids:

CO2(L) = L(kg)∗103 g
kg
∗1 mol lipid

302.98 g
∗ 20 mol C

1 mol lipid
∗1 mol CO2

1 mol C
∗ 44.0095 g

1 mol CO2
∗

1 kg
103 g

Calculate CO2 absorbed to make carbohydrates:

CO2(C) = C(kg)∗103 g
kg
∗1 mol sugar

180.156 g
∗ 6 mol C

1 mol sugar
∗1 mol CO2

1 mol C
∗ 44.0095 g

1 mol CO2
∗

1 kg
103 g

Based on this information alone you can calculate that only 17% of all car-
bon dioxide absorbed is released from the burning of biodiesel, unless the
remaining carbohydrates are used to make ethanol, in which case the pro-
cess in carbon neutral not counting outside factors such as shipping. To
see what would happen in Fairhaven on a day to day basis, the animation
biovsc02.mov plots the amount of carbon dioxide that is released from the
burning the biodiesel that is produced that day vs. how much carbon dioxide
was absorbed to make the carbohydrates.
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0.3 Preliminary Research

0.3.1 Modeling the Growth of Biodiesel Consumption

I set out with the goal of doing research somehow connected to biodiesel since
I had spent the first semester studying policy related to biodiesel. My initial
goal was to describe the potential for a biodiesel market in New Bedford.
The first thing I decided to look at is how diesel and biodiesel consumption
has changed. Unfortunately data on the consumption of biodiesel dates back
only nine years. This is because biodiesel has only recently been produced to
an extent warranting measurement. Despite this shortcoming, I attempted
to model the shift from biodiesel to petroleum diesel based on the assump-
tions that biodiesel consumption will continue to increase at the same rate,
that biodiesel and petroleum diesel are perfect substitutes, and that overall
diesel consumption will continue to increase at the same pace. It seemed as
though this this could be modeled well using logistic growth.

I found data of the liters of biodiesel consumed in the U.S. from 1999-2008
from the National Biodiesel Board via the website www.soystats.com.

I then decided to put an exponential fit on the quantity of diesel data. To
save time and to get an R-squared value, I used Excel. As expected, the
exponential fit worked well, with an R-squared value of 0.975.

Of course it would be almost impossible for biodiesel consumption to con-
tinue to grow at an exponential rate. More likely, biodiesel consumption will
resemble a logistic curve. The carrying capacity of the model is the total
amount of distillate fuel that the U.S. is supplied. (Distillate fuel is defined
as lighter fuels distilled off during the refining process used for space heating,
on-and-off highway diesel fuel, and electric power.)

Since the amount of distillate fuel that the U.S. consumes has been steadily
increasing, this parameter is a function of time. I got data from the Energy
Information Administration of data from 1976-2007 (I chose these dates to
exclude urbanization, industrialization, etc). This data was in thousands of
barrels which I had to convert to millions of gallons for comparison with
biodiesel consumption. The linear fit is terrible, but there is so much volitil-
ity, and I’m just trying to capture the general rise is diesel consumption.
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Figure 6: Exponential Fit of Biodiesel Consumption Over the Past 9 Years.
Generated using Excel.

The least square fit line minimizes the distance between the data and a

trend line. The slope of the line is equal to
n
∑

xy−
∑

x
∑

y

n
∑

x2−
∑

x
∑

x
. The intercept is

equal to
∑

y−m
∑

x

n
.

The equation of the trend line is y = 580.4076x+ 41307.

The general equation of a logistic curve is:

dN
dt

= rN(K−N)
K

where K is the carrying capacity and r is the Malthusian parameter of unre-
stricted growth:

N(t) = N0e
r∗t where N0 is the initial population size

I set r equal to the rate of exponential growth derived in my exponential fit
of biodiesel consumption. K, which represents the carrying capacity of the
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market that the biodiesel is entering into, was set equal to the linear fit of
the distillate fuel consumption with the initial condition t0 = 1999. This is
meant to represent a carrying capacity that changes over time.

The equation for this is:

dB
dt

= 0.7857B(508.4076t+52999.8879−B)
508.4076t+52999.8879

I solved this ordinary differential equation using the 2nd Order Runge-Kutta
method. Here is my MATLAB code:

t=0:0.1:50;

r=0.7857;

K=5.299988792136130e+04;

m=580.4076;

u=zeros(1,length(t));

utemp=zeros(1,length(t));

u(1)=0.5;

for i=1:length(t)-1

utemp(i+1)=u(i)+0.1*(r*u(i)*(m*t(i)+K-u(i)))/(m*t(i)+K);

u(i+1)=u(i)+0.1*(((r*u(i)*(m*t(i)+K-u(i)))/(m*t(i)+K))+((r*utemp(i+1)*(m*t(i+1)+K-utemp(i+1)))/(m*t(i+1)+K))/2);

end

plot(t,u,-r); hold on;

title(Biodiesel Consumption 1999-2049?);

ylabel(Millions of Gallons);

xlabel(years);

I then set the consumption of petroleum diesel equal the how much diesel
consumption changes minus the consumption of biodiesel:

D = C(t)−B

where D is the quantity of conventional diesel, C(t) is how the consumption
of diesel in general grows over time, and B is the quantity of biodiesel.
This predicts that we will almost completely switch to biodiesel in five years.
This may be unrealistic since this model assumes that biodiesel production
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Figure 7: Biodiesel vs Petroleum Diesel Consumption 1999-2049. Generated
using Octave.

will continue to grow at the same rate until nearing the carrying capac-
ity, biodiesel and diesel are perfect complements, biodiesel is always cheaper
than diesel, and the consumption of distillate fuel grows linearly over the
long term. Of course these are not safe assumptions to make, but it was a
fun exercise.

0.3.2 Wastewater Analysis

Fourier Regression

I then became fascinated with a technology that produces biodiesel as a
byproduct of the process of cleaning wastewater with algae. Before I decided
on the method that is illustrated at the beginning, I tried many other tech-
niques.

The first thing I tried to do was to find a way to predict wastewater flow
from precipitation since I had heard that precipitation can cause the wastew-
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ater flow to surge. This turned out to be very difficult because they turned
out to be very poorly correlated. There are many factors that influence the
amount of wastewater that repeat every year like the seasons and holidays,
so I thought that maybe a I could subtract off the seasonal trend by creating
a periodic regression. This can be done using Fourier least squares regression.

The goal in the discrete case is to determine the trigonometric polynomial
latexSn(x) in latexTn that will minimize

E(Sn) =
∑m−1
j=0 [yj − Sn(xj)]

2

To do this we need to choose the constants latexa0, a1, ..., an, b1, b2, ..., bn−1

so that

E(Sn) =
∑m−1
j=0 (yj − [a0

2
+ ancosnxj +

∑n−1
k=1(akcoskxj + bksinkxj)])

2

is a minimum.
The determination of the constants is simplified by the fact that, for each
positive integer n, the set of functions φ0, φ1, ..., φ2n−1, where

φ(x) = 1
2
, φ(x) = coskx, for each k = 1, 2, ..., n,

and

φn+k(x) = sinkx, for each k = 1, 2, ..., n− 1,

is an orthogonal set on [−π, π].

This means that for each k 6= p,

∑m
j=0 φk(xj)φp(xp) = 0 [1, p523-531].

The first thing I had to do was a linear transformation of my domain onto
[−π, π]. I then used the following MATLAB code to get my Fourier coef-
ficients where z is a linear transform of x values onto [−π, π] and y is the
wastewater values.
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function [a,b]=fouriercoef(z,y)

a=zeros(1,4);

b=zeros(1,2);

for k=0:3

for j=1:length(z)

a(k+1)=a(k+1)+w(j)*cos(k*z(j));

end

a(k+1)=(1/183)*a(k+1);

end

for k=1:2

for j=1:length(z)

b(k)= b(k) + w(j)*sin(k*z(j));

end

b(k)=(1/183)*b(k);

end

This returns two vectors providing a0 − a3 and b1andb2. The final equation
is of the form:

S(z) = a0

2
+ a3cos(3z) +

∑
k=1 2(akcos(kz) + bksin(kz)

I then replaced z with an expression that coverts the domain to the orig-
inal set. This is what the regression looks like:

I then subtracted the regression line from the original wastewater data.
This did nothing to improve the correlation. It was close to zero.

Normal Inverse Gaussian

A time series plot of the of the daily wastewater difference w(n+ 1)− w(n)
gives a series in which just over 4% of the values lie outside of 1.96 stan-
dard deviations from the mean. The difference data has a mean essentially
0 (µ=0.004) and standard deviation (0.619). It is slightly skewed (skew-
ness=1.043) but has a very high kurtosis of 20,293. Give that the kurtosis of
normally distributed variables is 3, this high kurtosis indicates a distribution
of wastewater differences with very heavy tails. The normal-inverse Gaussian
distribution also has very heavy tails, so I decided to model the wastewater
differences with this distribution.
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Luckily, the normal-inverse Gaussian has four parameters that can be de-
scribed in terms of the mean, variance, skewness, and kurtosis. The proba-
bility density function of a normal inverse Gaussian distribution is :

α2δK1

√
δ2+(x−µ)2

π
√
δ2+(x−µ)2

eδγ+β(x−µ)

where K1 is a Bessel function of the second kind and γ =
√
α2 − β2 [2]. I set

the equations for the parameters equal to the repective mean, variance, skew-
ness, and kurtosis, and found the values of the probability density function
using a MATLAB program created by Dr. Ralph Werner:

Allianz, Group Risk Controlling

Risk Methodology

Koeniginstr. 28

D-80802 Muenchen

Germany

Internet: www.allianz.de
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email: ralf.werner@allianz.de

Implementation Date: 2006 - 05 - 01

Author: Dr. Ralf Werner

The model fit the data very well. Here is a plot of the probability density
function versus a normalized plot of a histogram of the data:

15



Bibliography

[1] Richard L. Burden and J. Douglas Faires. Numerical Analysis, 8th Edi-
tion. Thomson Brooks/Cole, Belmont, Califoria, 2005.

[2] A. Hanssen and T.A. Oigard. The normal inverse gaussian distribution:
a versatile model for heavy-tailed stochastic processes. volume 6, pages
3985–3988 vol.6, 2001.

16


