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Abstract
We consider here the entropy produced by

the event horizon of microscopic black holes
within the Loop Quantum Gravity (LQG) for-
malism. Rather than rely on approximate an-
alytic solutions to this problem, we shall de-
scribe an algorithm for counting states (and
thus, entropy) explicitly.

1 Introduction

Two great pillars of modern physics, general relativ-
ity (GR) and quantum mechanics (QM), have irrec-
oncilable differences in philosophy. The major result
from QM is the realization that a particle’s character-
istics (energy, momentum, etc.) come only in multi-
ples of h̄ as opposed to a continuum of values. QM
takes a Newtonian stance on space and time, view-
ing them as separate both from each other and from
matter and energy. By separate it is meant that space
and time are the uniform stage on which particles
and forces perform. GR, on the other hand, promotes
time from parameter to coordinate and considers
space and time as part of the same 4-dimensional
continuum. What’s more is that the presence of mat-
ter and energy causes spacetime to warp, which in
turn causes matter and energy to move along curved
paths. This effect is gravity. LQG is an attempt to
unify these two theories. Space and time are still part
of the same entity, but, instead of living in a contin-
uum they are shown to be discrete. The fundamental
unit of length, the Planck length, is denoted by lp and
is on the order of 10−35 meters. In the 1970s Hawk-
ing and Bekenstein discovered that black holes are
quantum in nature [2, 4]. Thus, any theory wishing
to combine QM and GR must be able to account for
the microscopic states of black holes by predicting
their entropy. LQG analytically predicts a linear rela-
tion between area and entropy for large black holes,
but we insist upon an acid test for verification.

2 Problem Formulation

The black holes under study here are chargless, non-
rotating, and have spherical event horizons. Of
course, a sphere is a collection of infinitely many
continuous points. However, since LQG takes space-
time to be discrete, the event horizon of a black hole

is made up of finitely many edges and verticies ar-
ranged roughly in the shape of a sphere. Suppose for
a moment that the two objects (an actual sphere and
the LQG ”wire-frame” sphere) are superimposed
over each other. The points where an edge of the
wire-frame intercepts the surface of the sphere is
called a puncture. The maximum number of punc-
tures on a black hole, as a function of area A is given
by

nmax =
A

4πγ
√

3
(1)

where γ ≈ 0.27398... is the Barbero-Immirzi param-
eter and is the solution to the equation

1 =
∑

i(2ji + 1) exp(−2πγ
√
ji(ji + 1))

As quantum mechanical objects, each puncture
has a particular spin state associated with it. The
ith puncture has positive half-integer spin ji. The
spin of each puncture projected onto the surface of
the black hole mi can take on half-integer values
such that mi ∈ {−ji,−ji + 1, ..., ji − 1, ji}. For each
1 ≤ n ≤ nmax, the vector < (ji,mi) >n

i=1 is a pos-
sible state of a black hole whose event horizon has
surface area A.

In LQG, operators act on spacetime wavefunc-
tions to produce phenomena. This is analogous to
the way operators act on a particle’s wavefunction
in classical (i.e. non-relativistic) quantum mechanics
to produce the particle’s characteristics. A black hole
has an event horizon surface area A if its state is an
eigenvalue of the area operator. Given some small
tolerance δA, the state < (ji,mi) >n

i=1 is an eigen-
value if [1]

8πγ
n∑

i=1

√
ji(ji + 1) ∈ [A− δA,A+ δA] (2)

and

n∑
i=1

mi = 0 (3)
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Equation 3 is known as the projection constraint. It
has to do with the need for the event horizon to be
a topological sphere and is the quantum geometry
analog to the Gauss-Bonnet theorem. The entropy of
a black hole is just the natural log of the number of
states which can exist on its event horizon. For large
black holes, it has been shown analytically that the
entropy is related to area by [1]

S(A) =
1
4
A− 1

2
lnA (4)

The linear term is the base term and the logarithmic
correction is a consequence of imposing the projec-
tion constraint.

3 The Algorithm

The basic idea of the algorithm developed for count-
ing states is simple. Given some area A0 find the
maximum number of punctures nmax. Then for each
1 ≤ n ≤ nmax check every combination of ji’s of
length n to see if it satisfies (2). When an acceptable
set of ji’s is found, count how many sets of corre-
sponding mi’s satisfy (3). Even for very small black
holes this is a tremendous amount of work. We can
simplify the problem significantly by making a few
observations. First, we can set up the {ji} generation
so that we’re only looking at states which are unique
under permutations. Later, a multiplicity factor can
be multiplied by the number of states to account for
those sets of ji’s which are different, yet identical

under some permutation of the indecies i.
Second, consider a set of ji’s such that

8πγ
∑n

i=1

√
ji(ji + 1) > A0 + δA. We’ll call sets like

this ”too big”. Now, if we come across another set of
jk’s (of the same size, of course) such that ji ≤ jk for
some permutation p(i) = k then the set of jk’s will
also be too big. This suggests that we should check
the ”smallest” states first to avoid some unnecessary
work.

With these points in mind, the general outline
of the counting algorithm is given below. In this
psuedo-code, Amin is the smallest surface area to
consider (in units of Plank length squared) andAmax

is the largest.

for Amin ≤ A0 ≤ Amax

for 1 ≤ n ≤ nmax

Generate ~j
Calculate A from ~j
if A ≥ A0 − δA

if A ≤ A0 + δA
Impose projection constraint and count
the number of resulting states.

else
Break and go on to the next n.

Return to the top of this loop and generate a
bigger ~j

4 Results

The algorithm was run with and without the projec-
tion constraint to show that it is indeed the source
of the logarithmic correction term. Figure 1 com-
pares the numerical results with theoretical predic-
tions when the projection constraint is not imposed.

Figure 1: Numerical Results with δA = 0.5
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Although there is pretty good agreement be-
tween theoretical and numerical predictions, there
is some small oscillatory error in the theoretical part
(recall that the counting algorithm counts every pos-
sible state explicitly so it is necessarily exact). How-
ever, the prediction S(A) = 1

4A was derived under

the so-called ”large area” approximation and the sur-
face areas of the black holes considered numerically
are extremely small. This explains why the oscilla-
tions seem to die down with increasing area.

The oscillations in figure 1 are dwarfed by those
which arise from the projection constraint.

Figure 2: Numerical results with the projection constraint imposed.

Again, though, we see the oscillations getting
smaller and smaller as the area gets larger. It is inter-
esting and worth noting that these oscillations con-
tribute, on average, the expected logarithmic correc-
tion with coefficient − 1

2 . These oscillations lack a
theoretical explanation, although they agree with the
numerical results of Corichi et al [3], showing that
they are not an artifact. Since they seem to be decay-
ing with area, by the time we consider macroscopic

black holes, the oscillations are expected to become
neglegible. Thus, it has been proposed that they are
the result of quantum fluctuations. Taking a look at
the error (i.e. 1

4A −
1
2 lnA-(numerical data)) we see

that is also, of course, oscillatory. Inspection of the
error shows that its period is 2.5. To try and filter out
the effects of quantum fluctuations, the tolerance in
area δA is set to 2.5. The effect of this is illustrated in
figure 3.

Figure 3: With δA = 2.5 the entropy becomes quantized.
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Entropy apparently comes out in discrete steps of
height 0.6. This is intuitively satisfying since space,
time, mass, and energy are all taken to be discrete in
this calculation. Why not entropy as well?

5 Future Work

We have thus far considered only black holes so
small that their event horizons are just a few Planck
areas ( 10−75 m2). Even so, we found that the ana-
lytic results derived for large black holes is reason-
ably precise for these tiny ones. The question still
remains, however, ”at what point do quantum fluc-
tuations become negligible?” To answer that ques-
tion, we will need either a more rigorous theoretical
treatment of the problem or a more efficient count-
ing algorithm. We opt for the latter as there is much
room for improvement in the algorithm used. The
program described by the psuedo-code in section 3
has a big flaw. It generates ~j-sets redundantly. In
generating the ~j’s possible for a given area A1, we
inevitably end up generating all the possible ~j’s for
some smaller area A0. What’s more is that we are
counting the possible sets of mi’s consistent with the
projection constraint for each ~j multiple times. This
is a big problem because currently, the algorithm
spends 60% of its time checking the projection con-

straint. To greatly reduce the amount of checking
done, we can restructure the algorithm as follows:

for 1 ≤ n ≤ nmax(Amax)
Generate ~j
for Amax ≥ A0 ≥ Amin

if n ≤ nmax(A0)
Check ~j

else
Break

Here, the main loop is over n, ranging from 1 to
the nmax corresponding to the largest area we wish
to consider.

Both versions of the algorithm have several loops
whose iterations are independent of each other. This
means that the algorithm can be parallelized with
very little modification. We plan to use an open-
source parallel processing package, such as OpenMP
or MPI, to furthur increase the speed and efficiency
of the algorithm. The goal of all of these improve-
ments is to be able to compute the entropy of bigger
and bigger black holes. With this additional informa-
tion we can address questions like: At what scale do
quantum fluctuations become negligible? How fast
does the exact result converge to the large-area ap-
proximation? Answering questions like these builds
support for LQG as a theory since they check that it
agrees with established results.
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