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Graph energy 
We extend Ivan Gutman's idea of graph energy, stemming from theoretical 
chemistry via the adjacency matrix of a graph, to energy of arbitrary square 
matrices. Graph energy is a special cases of general matrix energy, as is the 
Laplacian energy of a graph as studied recently by Gutman and Zhou.  

The energy of a simple graph is the sum of the absolute value of the 
eigenvalues of the adjacency matrix. This idea came from chemistry where 
graph energy is, in certain circumstances, the energy of certain electron 
bonds (Gutman, I. (1978), The energy of a graph, Ber. Math.-Stat. Sekt. 
Forschungszent. Graz ,103 1–22.) 
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Matrix energy 

Matrix energy is a direct generalization of the energy of a graph. 

For a square matrix M, we define  

Energy(M):= Σ λi - µ 

where the λi are the eigenvalues of M, and µ is the mean of the eigenvalues. 

We subtract the mean so that the identity matrix (of any order) will have energy 0. 

For the adjacency matrix of a simple graph, the sum of the eigenvalues – the trace 
of the adjacency matrix – is 0, so µ = 0 in this case.  

Note that, unlike the adjacency matrix of a graph, which is symmetric and so has 
real eigenvalues,  the eigenvalues of a general matrix may be complex. The 
energy is, however, real. 



Examples 
   

M=         - matrix of a planar rotation through an angle θ. 

Eigenvalues are  cos(θ) - isin(θ) and cos(θ)+isin(θ), with mean cos(θ), so  

Energy(M) = cos(θ) - isin(θ) - cos(θ) + cos(θ) + isin(θ) - cos(θ)  = 2 sin(θ)  

cos(θ)  - sin(θ) 

sin(θ)    
cos(θ) 

If α is a scalar (real or complex) then Energy(α M) = αEnergy(M)   

Energy(A-1MA) = Energy(M) for all invertible matrices A  



Sub-additivity of energy 

How does the energy of a sum  of matrices relate to the energies of the individual 
matrices? 

For A =           and B =          we have Energy(A+B) =        > 4 = 2+2 = 
Energy(A)+Energy(B) 

However, for real symmetric matrices A, B statistical evidence suggest strongly that  

Energy(A+B) ≤ Energy(A) + Energy(B) 

We can restrict our attention to n × n matrices M with trace 0 – this is because if µ 
denotes the average of the eigenvalues – namely tr(M)/n – then Energy(M- µ I) = 
Energy (M) and tr(M- µ I) = 0. The collection of such matrices is an additive subgroup 
of all n × n matrices. We give an argument in the 3 ×3 case, that energy, E, is sub-additive for 
Hermitian matrices – which includes real symmetric matrices - utilizing the well-
known Weyl inequalities for the eigenvalues of a sum of Hermitian matrices (ref. 
Bhatia, Matrix Analysis) 







Energy and rank are not on the face of it connected, and simple examples  show 
there is no exact correspondence between energy and rank.  

However, a plot of energy versus rank for 50,000 matrices, of orders 2 through 50, 
with uniformly random entries between -50 and 50, shows a curious correlation 
between energy and rank: 
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This suggests, 
strongly, that there 
is an analytical 
sharp upper and 
lower bound for 
energy in terms of 
rank 



How is the energy of random orthogonal matrices distributed? 

To obtain random orthogonal matrices we construct matrices M with independent 
normally distributed random entries, and then use the QR decomposition M= QR, 
where Q is orthogonal and R is upper triangular: the matrix Q is then a random 
orthogonal matrix. 

We constructed 3 × 3 matrices with random N(µ, σ) entries for various µ, σ, and took 
the first factor in the QR decomposition to get a random 3 × 3 orthogonal matrix.  

Random Orthogonal matrices 

The energy distribution does not seem to 
depend significantly, if at all, on µ and σ : 
 typically, a 99.9% confidence interval for 
the mean is (2.851, 2.854) and for the 
standard deviation is (0.1164, 0.1181).  

The distribution is distinctly U-shaped: 


