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Abstract

A Lorenz knot is the isotopy class of any periodic orbit in the flow on

R
3 given by the Lorenz differential equations. By studying them on

the Lorenz template, Lorenz knots were shown to include certain known

classes, but a complete description remained elusive. Twisted torus links

are obtained by twisting a subset of strands of a torus link. We gener-

alize these to a class of positive repeated twisted torus links, which we

call T–links. We prove that T–links are exactly the links on the Lorenz

template, so Lorenz knots and T–knots coincide. In addition, T-links are

in one-one correspondence with certain minimal braid-index representa-

tives. There are applications to both Lorenz knots and to twisted torus

links: On one hand, we prove that any Lorenz knot can be embedded on

the Lorenz template in at most finitely many ways, up to trivial stabi-

lizations, and gain some insight into the number of such embeddings. On

the other hand, we establish previously unnoticed symmetries of twisted

torus links, identify precisely all the positive twisted torus links that are

torus links, and prove certain useful braid index formulas.

1 Introduction

If one has a system of ordinary differential equations in R
3 with closed orbits,

it seems natural to ask about their knot types. One of the first systematic
attempts to address the question was in [5] with regard to Lorenz knots, that
is the periodic orbits in the flow on R

3 determined by the Lorenz differential
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equations [18]. These equations are well-known in connection with the onset
of chaos, and have become the prototypical example of a “robust” dynamical
system. Lorenz knots were shown to contain many known classes of knots
[5, 13, 16, 23], but the complete classification of Lorenz knots has remained
open: What types of knots can occur? From [5], we learn that infinitely many
distinct knot types occur, however from [16] we learn that among the 1,701,936
(prime) knots with 16 crossings or fewer, only 20 appear as Lorenz knots.

The main tool used in [5] is the Lorenz template, also called the geometric
Lorenz attractor, which is an embedded branched surface in R

3 with a semi-
flow. Using this model, closed orbits in the Lorenz dynamical system can be
studied combinatorially on the template. Tucker [22] has rigorously justified the
model. In a recent survey with breathtaking images [16], Ghys and Leys suggest,
“the attractor is some kind of limit of its periodic orbits. In a way, one could
think of the attractor as an ‘infinite link with infinitely many components’.”

In this paper, we classify Lorenz knots by classifying Lorenz links, which we de-
fine to be all links on the Lorenz template; i.e., all finite sublinks of the ‘infinite
link’ above. Often, when the mathematical objects of interest are too compli-
cated, it helps to consider a larger but more tractable class. Our ‘geometric’
definition for Lorenz links is broader than the one used in [5], which excluded
any link with a parallel cable around any component. Thus, Lorenz links are
precisely all links as in [5], together with any parallel push-offs on the Lorenz
template of any sublinks. Lorenz knots are the same in both definitions, but
Lorenz links include, for example, all (n, n)–torus links, which are excluded from
links in [5] for n ≥ 4.

Recently, Ghys studied the periodic orbits in the geodesic flow on the modular
surface, or the modular flow. He called those knots modular knots. In [15] he
proved that isotopy classes of Lorenz knots and modular knots coincide. He
also showed that modular links are isotopic to links on the Lorenz template. An
aspect of his discoveries that came as a complete surprise is that the modular
flow is a flow on the complement of the trefoil knot in S3, not on S3 itself.
Ghys showed exactly how the ‘external trefoil’ is embedded in S3 relative to the
template (see Figure 6).

In a different direction, the link defined by the closure of the braid (σ1 · · ·σr−1)
s

is a torus link T(r, s). For 2 ≤ r1 ≤ . . . ≤ rk, 0 < si, i = 1, . . . , k, let
T((r1, s1), . . . , (rk, sk)) be the link defined by the closure of the braid

T = (σ1σ2 · · ·σr1−1)
s1(σ1σ2 · · ·σr2−1)

s2 · · · (σ1σ2 · · ·σrk−1)
sk . (1)

We call T a T–braid, and refer to the link T that its closure defines as a T–link.
All crossings in the braid T are positive.

Our main result is that isotopy classes of Lorenz links and T–links coincide, so
in particular, Lorenz knots are T–knots. This has many consequences.

2



T–links generalize positive twisted torus links, which are precisely the case when
k = 2. Geometric properties of twisted torus links have been studied recently
[9, 6, 8]. Many twisted torus knots are known to be hyperbolic, although torus
knots, which are not hyperbolic, occur sometimes as non-trivial twisted torus
knots. A non-hyperbolic Dehn surgery on a hyperbolic knot is called an ex-
ceptional surgery. A detailed study of exceptional surgeries on twisted torus
knots appears in [9]. In [6, 8], twisted torus knots occur frequently in the list
of “simplest hyperbolic knots,” which are knots whose complements are in the
SnapPea census of hyperbolic manifolds with seven or fewer tetrahedra. It is
likely that other low-crossing knots in that list are also twisted torus knots. It
is not surprising then that twisted torus knots have unusually low hyperbolic
volume, even though they often have high crossing number. In [8], the Jones
polynomials of these knots were also computed.

We note that T–links, in the case k = 2, are both more general and less general
than the twisted torus knots studied in [6, 8]. In those references, twisted torus
knots are obtained by performing s full twists on r strands of a (p, q)–torus knot.
As a T–link, this means that s1 is a multiple of r1, which we do not require in
general. On the other hand, in those references the twists need not be positive.
It is possible that some of our results below may be extended to the case when
the twists are not positive (see Section 5).

Here is a detailed summary of our results:

1. We prove there is a one-to-one correspondence between particular (open)
braid representations L of Lorenz links in Artin’s braid group Bp+dp

, where
p = s1 + · · · + sk and dp = rk, and braid representations T of T–links in
the braid group Brk

. In particular, every Lorenz link L is a T–link and
every T–link T is a Lorenz link. There are applications both ways.

2. We prove there is a one-to-one correspondence between our open braid
representatives L ∈ Bp+dp

and particular factorizations of certain braid
words in the braid group Bt, where t is the braid index of the Lorenz link L
defined by closing the braid L. Since the number of distinct Lorenz braids
that represent L is bounded by the number of possible factorizations of
this kind, we show that every Lorenz link, and hence every link in [5], has
finitely many non-trivial Lorenz braid representatives. Recently, Pierre
Dehornoy [11] independently showed finiteness using different methods.
In view of the one-to-one correspondence noted in (1) above, these results
apply to T–links as well.

3. We describe a duality which results in at least two Bp+dp
-representations

of L, with related results for T . One interesting consequence is that the
twisted torus links T((r1, s1), (r2, s2)) and T((s2, r2 − r1), (s1 + s2, r1))
have the same link type, generalizing the well-known fact that torus links
of type T(r, s) and T(s, r) have the same link type.
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4. We provide an explicit new formula for the braid index t of T in terms of
the defining parameters r1, s1, . . . , rk, sk. While the braid index of Lorenz
links was known from the work in [5] and [12], that of T–links was not
known.

5. We classify which positive twisted torus links T((r1, s1), (r2, s2)) are in
fact torus links. This provides an infinite family of hyperbolic twisted
torus knots.

Here is a guide to this paper. In §2 we review known results, introduce notation
that we shall use to describe our two one-one correspondences, and state and
prove our theorem about Lorenz links and T–links, Theorem 1. Applications to
T–links are given in Corollary 2, and an application to Lorenz links in Corol-
lary 3. In §3 we study the symmetry of Lorenz links that comes from ‘turning
them over’ (see Theorem 4). As an application, we give in Theorem 5 and
Corollary 6 formulae for the minimal braid index of T–links. In §4, we study
minimum braid index representatives of Lorenz links and T–links. In particular,
the one-to-one correspondence between Lorenz braids and certain factorizations
of braid words in Bt is established in Theorem 7. The finiteness of Lorenz braid
representatives is shown in Corollary 8. Using many of these results, we answer
part of the question posed in [10]: when is a positive twisted torus link a torus
link? See Theorem 9 and §5.3. In §5 we pose several open problems and make
some conjectures.

Results specific to positive twisted torus links appear throughout the paper. In
particular, see Corollary 3 (symmetry), Example 3 (duality), Corollary 6 (braid
index), Example 4 (minimal braid representative), Theorem 9 (torus links), and
Corollary 10 (hyperbolic knots). For related open problems, see §5.3.

Acknowledgment: We thank Etienne Ghys, Mike Sullivan, and Bob Williams
for carefully answering our questions.

2 Lorenz links and T–links

We defined a Lorenz link to be any finite collection of closed orbits on the Lorenz
template, which supports a semiflow. The template is a branched 2-manifold
embedded in R

3, as illustrated in Figure 1. In the right sketch the template has
been cut open to give a related ‘template’ for Lorenz braids, which are the focus
of this paper. Lorenz braids inherit an orientation from the template, namely
they are oriented top to bottom. The crossings in Figure 2 are thought of as
positive crossings. This convention, which is opposite to the usual one in knot
theory, was used when Lorenz knots were first defined in [5], in order to respect
conventions chosen elsewhere by workers in dynamical systems. It has appeared
in many places in the literature, so we continue to use it now.
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Figure 1: The Lorenz template and the Lorenz braid template

Example 1 An example of a Lorenz braid can be seen in Figure 2. It becomes
a Lorenz knot after connecting the strands as in a closed braid, on the template.
We will use this example throughout the paper, to illustrate our ideas. Therefore
Figure 2 will contain features which are not meaningful to the reader at this
time, but will be explained later.

Figure 2: ~dL = 〈2, 2, 2, 2, 3, 3, 6, 8, 8〉 = 〈24, 32, 61, 82〉

Our Lorenz braid L is determined entirely by its permutation, because any
two strands cross at most once. Even more, L is determined by the part of
the permutation associated to the overcrossing strands, because in a Lorenz
braid two overcrossing (resp. undercrossing) strands never intersect, so once
we know the permutation associated to the overcrossing strands the rest of the
permutation will be determined uniquely.

Assume there are p > 1 overcrossing strands. On each overcrossing strand the
position of the endpoint will always be bigger than that of the initial point.
Suppose the ith strand begins at i and ends at i + di. Since two overcrossing
strands never cross, we have the following sequence of positive integers:

d1 ≤ d2 ≤ · · · ≤ dp−1 ≤ dp

5



Lorenz braids that have unknotted closure were classified in Corollary 5.3 of [5].
Excluding the two trivial loops that are parallel to the two boundary compo-
nents, it was proved that a Lorenz knot is unknotted if and only if the following
condition holds:

i + di > p if and only if i = p

Since 1 ≤ d1 ≤ d2 ≤ · · · ≤ dp, it follows that di = 1 for every i ≤ p − 1. But dp

can be 1, 2, 3, . . . , and these are the only ways to obtain the unknot.

In view of this classification, it will be convenient to make two assumptions: (i)
2 ≤ d1 and (ii) dp−1 = dp. Otherwise, if d1 = 1 then L = σ1L

′ for a Lorenz
braid L

′ on the last n− 1 strands, so that L can be trivially destabilized on its
left side. We get similarly trivial destabilizations on the right if dp−1 < dp. As
we have seen, the only closed orbits omitted by making these assumptions are
the Lorenz unknots.

We collect this data in the following vector (see [5]):

~dL = 〈d1, . . . , dp〉, 2 ≤ d1, dp−1 = dp, and each di ≤ di+1 (2)

The vector ~dL determines the positions of the L or overcrossing strands. The R
or undercrossing strands fill in the remaining positions, in such a way that all
crossings are L-strands crossing over R-strands. In Figure 2, the arrows separate
the left and right strands. The vector ~dL thus determines a closed braid L on
n = (p + dp) strands, which is a representative of a Lorenz link L. All non-
trivial Lorenz links arise in this way. We call L a Lorenz braid representative of
L. In this representation, each di with i = 1, . . . , p is the difference between the
initial and final positions of the ith overcrossing strand. The integer di is also
the number of strands that pass under the ith braid strand.

Modifying our description of ~dL will now allow us to state our first result. Ob-
serve that the overcrossing strands travel in groups of ‘parallel’ strands, where
parallel means strands of the same slope, or equivalently strands whose associ-
ated di’s coincide. That is, it may happen that dµj

= dµj+1 = · · · = dµj+sj−1,
where sj is the number of strands in the jth group. Let rj = dµj

. Then we can

also write ~dL in the form:

~dL = 〈ds1

µ1
, . . . , dsk

µk
〉 = 〈rs1

1 , . . . , rsk

k 〉, 1 ≤ si, 2 ≤ r1, sk, and ri < ri+1. (3)

where rsi

i means ri · · · ri repeated si times. Note that

p = s1 + · · · + sk, d1 = r1, dp = rk

The trip number t of a Lorenz link is:

t = #{ i | i + di > p where 1 ≤ i ≤ p } (4)

In Example 1 we have 〈2, 2, 2, 2, 3, 3, 6, 8, 8〉 = 〈24, 32, 61, 82〉. Thus, p = 9, rk =
8, and n = p + rk = 17 is the braid index of L. The trip number t = 3, which
is the braid index of L.

6



Theorem 1 Every Lorenz link is a T–link, and every T–link is a Lorenz link.
Precisely:

(i) If a link L is represented by a Lorenz braid L on p+ rk strands with defining

vector ~dL = 〈rs1

1 , . . . , rsk

k 〉, then L also has an rk–braid representative T, given
earlier in (1), which exhibits it as a T–link. Moreover, every T–link arises in
this way from some Lorenz link.

(ii) L also has a second Lorenz braid representation L on p + rk strands which
is determined by mapping the Lorentz template to itself by rotating it through
the angle π about the z–axis, as shown in Figure 1. This representation yields
a corresponding second T–braid representation, now in Bp.

Proof of Theorem 1: The proof begins with a lemma:

Lemma 1 Let L be as in (i) of Theorem 1. Let L be a Lorenz braid represen-

tative, defined by ~dL = 〈rs1

1 , . . . , rsk

k 〉 = 〈d1, . . . , dp〉, so that L has braid index
p + rk. Then there is a sequence of p closed positive braids:

L = L1 → L2 → · · · → Lp,

where each Li+1 is obtained from Li by single move that reduces the braid index
(and also the crossing number) by 1, so that Lp has braid index rk.

Proof: We will find the required Markov sequence by a geometric trick that
was used in [5].

The letters 1, 2, . . . , p in a Lorenz permutation are said to be in the left or L-
group, and the letters p+1, . . . , p+rk are in the right or R-group. Each strand in
a Lorenz braid begins and ends at a point which is either in L or in R, therefore
the strands divide naturally into 4 groups: strands of type LL, LR, RL and RR,
where strands of type LL (resp. LR) begin on L and end on L (resp. R), and
similarly for types RL and RR. In the example in Figure 2 those of type LR are
the thickest, with those of type RR, LL and RL each being a little bit thinner
than their predecessors.

By definition of the trip number t in (4), there are p− t, t, t and rk − t strands
of type LL,LR,RL and RR respectively, In sketch (i) of Figure 3 we have cut
open the Lorenz template, snipping it open between two orbits, as was done in
[5], so that the template itself divides naturally into bands of type LL,LR,RL
and RR.

In sketch (ii), we have stretched out the band that contains all of the strands
of type LR, and in sketch (iii) we have uncoiled that band, introducing a full
twist into the t strands of type LR. This uncoiling can be regarded as having
been done one strand at a time, and when we think of it that way it becomes a

7



Figure 3: Cutting open the Lorenz template

sequence of t moves, each reducing the braid index by 1. Observe that when we
‘uncoil’ the outermost arc (and then the one after that, and the ones that follow
too) we trade one arc in the braid L1 for a ‘shorter’ arc in the braid L2, where
the trade reduces the braid index by 1. This process has been repeated t times
in the passage from sketch (ii) to sketch (iii), because there are t strands in the
LR braid. The uncoiling takes positive braids to positive braids, although the
property of being a Lorenz braid is not preserved. After the t Markov moves
illustrated in the passage to sketch (iii) the braid index will have been reduced
from p + rk to p + rk − t.

We turn our attention to the LL subbraid in sketch (iii). It has p − t strands.
Observe that by our definitions of types LL, LR, RL and RR there must be the
same number of strands of type RL as there are of type LR, i.e. both have t
strands. From this it follows that when the LL band is uncoiled, we will obtain
a subbraid on t strands which joins the RL subbraid to the LR subbraid, as
was illustrated in sketch (iv) of Figure 3. (In sketch (iv) we have extended this
t–braid by the identity to a braid on rk strands). There are p− t strands in the
LL braid, so there are p − t strands that are uncoiled. The braid index will go
down from (p + rk − t), in sketch (iii), to (p + rk − t) − (p − t) = rk in sketch
(iv).

Each braid Li+1 in the sequence that we just described has braid index one less
than that of its predecessor Li. To prove the assertion about crossing number,
observe that since each Li is a positive braid, an Euler characteristic count
shows that

2g(L) = c(Li) − n(Li) − µ(L) + 2,

where c is the crossing number of the positive braid Li, n is its braid index, g
is the genus, and µ is the number of components of L. But then c(Li) − n(Li)
is a topological invariant of L, so when n is reduced c must be too. The proof
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is complete. �

Example 2 Figure 4, illustrates via an example the uncoiling process that was
shown earlier in sketches (iii) and (iv) of Figure 3 to produce the LL braid. The

Figure 4: Uncoiling the LL braid: an example

example that is shown in Figure 4 is the Lorenz braid that we defined earlier,
in Figure 2. It’s a rather simple example because the trip number t = 3. Sketch
(i) in Figure 4 corresponds to sketch (iii) in Figure 3. Sketches (ii) and (iii) of
Figure 4 show two destabilizations, and correspond to two steps in the passage
from sketch (iii) to sketch (iv) of Figure 3.

The LL braid contains p − t strands. We uncoil the ith strand, which is the
outer coiled strand in sketch (i). Let γi be this outer arc running clockwise
and crossing three strands in sketch (i). If π is the permutation associated to
the Lorenz braid L, say γi(0) corresponds to the bottom endpoint i, γi(1/2)
corresponds to the top endpoint i, and γi(1) corresponds to π(i) = i + di.
In sketch (ii), γi is replaced by an arc that contributes (σ1σ2 · · ·σdi−1) to the
product. Similarly, the outer coiled arc γi+1 in sketch (ii) is replaced in sketch
(iii).

Let X ∈ Bt be the uncoiled LL braid. In this way we see that the braid word
that describes X must be:

X =

i=p−t∏

i=1

(σ1σ2 · · ·σdi−1) (5)

We continue the proof of Theorem 1. In the proof of Lemma 1, which was
based upon Figure 3, we produced a Markov sequence from our original braid
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L ∈ Bp+rk
to a braid Lp ∈ Brk

. The next step is to determine the braid word
that belongs to Lp. It is clear from sketch (iv) of Figure 3 that Lp is a product
of braids XYZ ∈ Brk

, where X comes from the LL braid, Y comes from the LR
braid, and Z comes from the LR, RL and RR braids. Both X and Y use only
the first t strands, their remaining rk − t strands being the identity braid, but
Z uses all rk strands.

We introduce convenient notation. Let v, w be non-negative integers with v < w.
The symbol [v, w], denotes the braid σvσv+1 · · ·σw−1. (Later we will also use
the symbol [w, v] to denote the braid σw−1σw−2 · · ·σv.)

This symbol has a very simple multiplication rule. If u < v < w. Then:

[u, v][v, w] = [u, w]

In the braid group Bn, an index shift relation holds:

(σ1σ2 . . . σk−1σk)(σj) = (σj+1)(σ1σ2 . . . σk−1σk), j = 1, 2, . . . , k − 1

The index shift relation can be expressed in our new notation as:

[1, w][u, v] = [u + 1, v + 1][1, w] if u < v < w (6)

From sketch (iii) of Figure 3, one sees immediately that

Y = [1, t]t

Our final task is to identify the braid YZ that is associated to the LR, RR and
RL subbraids in Figure 3. Let Zt be the braid on rk strands which is created
when the strand that begins at position t and ends in position t + rk − t = rk

crosses over all the intermediate strands, with every strand that is not crossed
remaining fixed. So Zt = [t, rk]. Let Zt−i be the braid that is associated to the
strand that begins at t − i, where i = 0, 1, . . . , t − 1. This strand crosses over
all the intermediate strands, but all strands that are not crossed remain fixed.
Therefore

Zt−i = [t − i, t − i + dp−i − t] = [t − i, dp−i − i].

Our next lemma is a key part of the proof of the theorem.

Lemma 2 Let Y =
∏t

i=1 Yi, where Y1 = Y2 = · · · = Yt = [1, t], and let

Z =
∏1

i=t Zi. Then:

YZ = [1, dp−t+1][1, dp−t+2] · · · [1, dp] (7)

Proof of Lemma 2 We will prove the lemma by induction on i, where i =
0, 1, . . . , t − 1. The index shift relation (6) will play a crucial role in the proof.
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If i = 0, we have that YtZt = [1, t][t, dp] = [1, dp], so the induction begins.
Choose any i with 0 < i < t and assume, inductively, that

Yt−i . . . Yt−1YtZtZt−1 . . . Zt−i = [1, dp−i] · · · [1, dp−1][1, dp].

Since Zt−(i+1) = [t − (i + 1), dp−i − (i + 1)], our induction hypothesis tells us
that: Yt−(i+1)(Yt−i . . . Yt−1YtZtZt−1 . . . Zt−i)Zt−(i+1) is equal to

[1, t][1, dp−i] · · · [1, dp−1][1, dp][t − (i + 1), dp−i − (i + 1)]

Note that every strand of type LR crosses over strand of type RL. Since there are
t strands of type RL, we conclude that t < dp−t+1 ≤ dp−i for all i = 0, 1, . . . , t−1.
Also, by our basic definition of the di’s, we know that dp−i ≤ dp−i+j for all
j > 0. These imply that the index shift equation (6) is applicable i + 1 times
since u < v < w for every application. Therefore,
Yt−(i+1)(Yt−i . . . Yt−1YtZtZt−1 . . . Zt−i)Zt−(i+1)

= [1, t][1, dp−i] · · · [1, dp−1][1, dp][t − (i + 1), dp−i − (i + 1)]

= [1, t][t, dp−(i+1))][1, dp−i] · · · [1, dp−1][1, dp]

= [1, dp−(i+1))][1, dp−i] · · · [1, dp−1][1, dp]

The Lemma is proved. �

Finally, we show that Lemma 2 implies Theorem 1, part (i). Let’s put together
the expression for X in (5) and for YZ in (7). After collecting like terms in the
previous expression, we obtain:

XYZ = [1, d1][1, d2] · · · [1, dp−t][1 − dp−t+1] · · · [1, dp]

= [1, d1][1, d2] · · · [1, dp] (8)

= [1, r1]
s1 · · · [1, rk]sk = (σ1 · · ·σr1−1)

s1 · · · (σ1 · · ·σrk−1)
sk (9)

where, in the passage (8) → (9), we have collected those terms for which suc-
cessive entries di and di+1 coincide, as in the passage (2) → (3). But (9) is
precisely what we claimed in part (i) of Theorem 1. Therefore Theorem 1, part
(i), is proved.

The proof of part (ii) of Theorem 1 makes use of a trick: To obtain a p–braid
representation, we rotate the template by π about the z–axis, interchanging the
roles of L and R. This interchanges the roles of p and dp. We then use the
earlier proof to obtain a p–braid representation as a T–link. As discussed in the
next section, this representation is dual to the dp–braid representation that we
obtained earlier.

The only remaining question is whether every T–braid is obtained from some
Lorenz link. Suppose we are given an arbitrary T–braid T, whose closure is
the T–link T((r1, s1), . . . , (rk, sk)). Let ~dL = 〈rs1

1 , . . . , rsk

k 〉, which determines
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a Lorenz braid L. By the proof of case (i), L is braid-equivalent to T. This
completes the proof of Theorem 1. �

There are immediate applications of Theorem 1 to T–links:

Corollary 2 (i) T–links are prime.

(ii) T–links are fibered. Their genus g is given by the formula 2g = c−n+2−µ,
where n is the braid index of any positive braid representative, c is the
crossing number of same, and µ is the number of components.

(iii) For a knot K, let c and g be as above, let u be its unknotting number,
and let ∆(K) and V (K) denote its Alexander and Jones polynomials,
respectively. If K is a T–link then

maxdeg ∆(K) = min deg V (K) = g = u ≥ c/4

(iv) T–links are non-amphicheiral and have positive signature.

Proof: Part (i) is a consequence of Theorem 1 and a theorem of Williams
[23]. The proof of Williams is interesting for us, because it illustrates the non-
triviality of Theorem 1. Williams proved that the trip number t is the braid
index of a Lorenz link. To do so, he used the fact that all Lorenz links embed in
the Lorenz template, and if a Lorenz link was not prime then a splitting 2-sphere
would have to intersect the template in a way that he shows is impossible. Since,
by Theorem 1 every T link has the same link type as an associated Lorenz link,
his work implies the same result for T–links. It seems to us that, without the
structure provided by the template, it would be very difficult to learn the braid
index of T–links.

Part (ii) follows from the well-known fact due to Stallings that closed positive
braids determine fibered links. The genus formula is based upon the associated
Euler characteristic of the obvious disc-band decomposition of an associated
fiber in the fibration.

Part (iii) is true for all knots that are closed positive braids by work of Stoimenow
(Corollary 4.4 and (21) of [21]). Related results are proved in [21] for links as
well.

Part (iv) is an immediate consequence of the theorem in the title of Lee Rudolph’s
paper [19]. �

In the other direction, a natural symmetry of twisted torus links provides an
unexpected equivalence between different Lorenz braids:

Corollary 3 Let L1 be the Lorenz braid defined by ~dL = 〈rs1

1 , rs2

2 〉 such that
r1 ≤ s2 and s1 = n · r1, for any positive integer n. Let L2 be the Lorenz braid
defined by ~dL = 〈rs1

1 , sr2

2 〉. Then L1 and L2 both represent the same Lorenz link.
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Proof: By Theorem 1, the closure of L1 is T1 = T((r1, s1), (r2, s2)), and the
closure of L2 is T2 = T((r1, s1), (s2, r2)). We claim that T1 and T2 are isotopic,
so L1 and L2 both represent the same link.

The isotopy is the same as in the proof of Lemma 3.1.1 of [10]. Since s1 = n ·r1,
T1 is obtained by a 1/n–Dehn surgery on an unknot U that encircles r1 strands
of an (r2, s2)–torus link. To obtain T2, we isotope the (r2, s2)–torus link to a
(s2, r2)–torus link. Since r1 < r2 and r1 ≤ s2, we can slide U along the torus
link from the meridinal to the longitudinal direction (see Figure 5), and then
perform the same Dehn surgery. �

Figure 5: Isotopy in the proof of Corollary 3

Remark 1 The statement and proof of Corollary 3 extend to twisted torus
links with r1 = r2, which are just torus links. The result then implies that
many non-trivial (i.e. 2 ≤ r1 < r2 and 1 ≤ s1, 2 ≤ s2) twisted torus links

are in fact torus links. For example, the Lorenz braid given by ~dL = 〈36, 83〉
represents a torus knot:

T ((3, 6), (8, 3)) = T ((3, 6), (3, 8)) = T (3, 14)

We show in Theorem 9 that this is essentially the only way for non-trivial
positive twisted torus links to be torus links.

In addition, because the Lorenz braids given by ~dL = 〈36, 83〉 and 〈314〉 represent
the same link, we see that the integer k is not an invariant of link type.

3 Duality and braid index

As noted above, a rotation of π about the z axis in Figure 1 is a symmetry of
the Lorenz template. If a Lorenz braid L is obtained from a Lorenz braid L by
this rotation, we will say that L and L are dual Lorenz braids. The relationship
between the defining vectors for a pair of dual braids is given in the next theorem:
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Theorem 4 (Duality) Suppose that

~dL = 〈d1, d2, . . . , dp〉 = 〈rs1

1 , rs2

2 , . . . , rsk

k 〉

defines a Lorenz braid L which closes to the Lorenz link L. Then there is a dual
vector

~dL = 〈d1, d2, . . . , dp〉 = 〈rs1

1 , rs2

2 , . . . , rsk

k 〉

which defines a dual Lorenz braid L, whose entries are determined by those in
~dL and are given by the formulas:

r1 = sk, r2 = sk + sk−1, . . . , rk = sk + sk−1 + · · · + s1. (10)

s1 = rk − rk−1, s2 = rk−1 − rk−2, . . . , sk−1 = r2 − r1, sk = r1. (11)

Also, p = dp and dp = p. L and L have the same braid index, p + dp = p + dp,
and both determine the same Lorenz link L.

Proof: The strands in L divide into overcrossing strands and undercrossing
strands, whose roles are interchanged when we pass from L to L. See Figure 2.
From this it follows that p = dp and dp = p. But then p + dp = p + dp, so that
both have the same braid index. The dual braid is then simply the original
one, flipped over so that strand i becomes strand p + dp − i + 1. Clearly both
determine the same link L.

A crossing point in the braid L or L means a double point in the projected image.
Two overcrossing strands in L, (and also in L) are said to be parallel when
they contain the same number of crossing points. Observe that the overcrossing
strands in L divide naturally into packets of parallel strands, where the ith group
of parallel strands contains si strands, each of which has ri crossing points. In
the same way, there is a different subdivision of the overcrossing strands of L,
with the jth group of parallel strands containing sj strands, each having rj

crossings.

Now observe that there are blank spaces between the endpoints of the ith and
(i + 1)st group of overcrossing strands in L for exactly ri+1 − ri overcrossing
strands of L. Taking into account that strand i in L becomes strand n − i + 1
in L, it follows that sk = r1 and si = rk−i+1 − rk−i if i > 1. This is the formula
(11). Finally, observe that the jth group of overcrossing strands in L, where
j = 1, 2, . . . , k intersects precisely sk + · · ·+ sk−(j−1) overcrossing strands of L.
This gives the formula (10). �

Example 3 We give some examples of dual vectors.

1. The special case k = 1: 〈rs〉 and 〈sr〉 are dual vectors.

2. The special case k = 2: 〈rs1

1 , rs2

2 〉 and 〈sr2−r1

2 , (s1 + s2)
r1〉 are dual.
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3. The example in Figure 2: 〈24, 32, 6, 82〉 and 〈22, 33, 5, 92〉 are dual.

4. 〈22, 33, 42, 7, 9, 132〉 and 〈24, 32, 43, 6, 9, 112〉 are dual.

The braid index t of a Lorenz link is easily computed, one example at a time,
from the definition of the trip number t that we gave in (4), but it’s unclear how
t is related to the parameters {(ri, si), i = 1, . . . , k}. Our next application gives
a formula for the braid index which depends in a simple way on the defining
parameters. In the special case k = 1, when L is a torus link T(r, s), it reduces
to the well-known formula that t = min(r, s). In Corollary 6, which is the
special case k = 2, it generalizes this formula for torus knots in a concise and
non-trivial way:

Theorem 5 Let L be the Lorenz link defined by ~dL = 〈rs1

1 , . . . , rsk

k 〉. We let
r0 = r0 = 0, so we can define using (10),

i0 = min{ i | ri ≥ rk−i} and j0 = min{ j | rj ≥ rk−j}

Then the braid index of L is t(L) = min(ri0 , rj0).

Proof: Below, we use the notation in (2) and (3) with rµi
= di, so that the

following are equivalent:

i + di ≥ p

s1 + . . . + sµi
+ rµi

≥ s1 + . . . + sk

rµi
≥ sµi+1 + . . . + sk

rµi
≥ rk−µi

Therefore, i0 = min{ µi | i + di ≥ p} and j0 = min{ µj | j + dj ≥ p = dp}.

Since displacements correspond to intersecting strands, the i-th overcrossing
strand crosses di undercrossing strands. Thus, by (4), t is the number of LR-
strands, which equals the number of RL-strands. We now consider two cases.

Case 1. There exists i∗ such that i∗ + di∗ = p.

The left strand α starting at i∗ with endpoint p is the last LL-strand, so it
does not intersect any RR-strands. The equality implies that all RL strands
intersect α, so di∗ = |RL|. For all i < i∗, i + di < p, so i0 ≥ µi∗ . For all i ≥ i∗,
rµi

≥ |RL| = rµi∗
, so i0 = µi∗ . Therefore,

t = |RL| = di∗ = ri0

Case 2. There does not exist i∗ such that i∗ + di∗ = p.

There exists a right strand γ with endpoint p, which is the first RL-strand.
Because its endpoint is p, γ intersects all LR-strands and no LL strands. In
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the dual Lorenz link L, if γ starts at j∗ then dj∗ = |LR|. By duality, the
endpoint of γ is p + 1. If another strand γ′ is parallel to γ with endpoint p then
both strands are in the same packet, so t = dj∗ = rj0 by Case 1 applied to L.
Otherwise, for all j < j∗, dj < dj∗ so j + dj < p, hence j0 ≥ µj∗ . For all j ≥ j∗,
rj ≥ |LR| = rµj∗

, so j0 = µj∗ . Therefore,

t = |LR| = dj∗ = rj0

In both cases, ri0 , rj0 ≥ t, so t = min(ri0 , rj0). �

When k = 1, the Lorenz link is defined by dL = 〈rs〉, and the associated T–
link is the torus link T(r, s), represented by the r-braid (σ1 . . . σr−1)

s. The
dual Lorenz braid 〈sr〉 corresponds to the same torus link, now denoted T(s, r),
which is represented by the s-braid (σ1 . . . σs−1)

r. As is well known, the braid
index of a torus link is min((r, s)), which agrees with Theorem 5. The following
corollary to Theorem 5 provides the braid index for any twisted torus link
T((r1, s1), (r2, s2)).

Corollary 6 Let L be the twisted torus link defined by ~dL = 〈rs1

1 , rs2

2 〉. Then
the braid index of L is given by

t =

{
min(s1 + s2, r1) if r1 ≥ s2

min(s2, r2) if r1 ≤ s2

Proof: We apply Theorem 5 as follows.

If r1 ≥ s2 = r1 then either case below occurs:

i. r1 ≥ r2 > r1 ⇒ t = r2 = s1 + s2

ii. r2 ≥ r1 ≥ r1 ⇒ t = r1

If r1 = s2 ≥ r1 then either case below occurs:

iii. r2 ≥ r1 ≥ r1 ⇒ t = r1 = s2

iv. r1 ≥ r2 > r1 ⇒ t = r2 �

4 Minimal braid index representatives

We have proved that there are three different closed braid representations of a
Lorenz link L, or equivalently of its associated T–link. They are of successively
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decreasing braid indices p+dp, dp = rk and t. The representative of braid index
p + dp is defined by our vector dL = 〈rs1

1 , . . . , rsk

k 〉. The representative of braid
index dp = rk was given in Theorem 1. We now investigate the representative
which has minimal braid index among all closed braid representations of L. It
can be expressed in terms of new parameters that we will call ~n, ~m. In this
section we will give the t–braid representative explicitly, and prove that there
is a 1-1 correspondence between Lorenz braids, with their defining vectors dL

and the t–braids that will be given below.

Let L be a Lorenz braid defined by ~dL = 〈d1, d2, . . . , dp〉, representing the Lorenz
link L. As we showed, the strands in L divide into strands of type LL, LR,RL
and RR, where strand j has type LL if and only if 1 ≤ j ≤ p − t. By duality,
strand j has type RR if and only if strand j has type LL with respect to L; i.e.,
1 ≤ j ≤ p − t = dp − t. We define

ni = #{strand j ∈ LL such that dj = i + 1},

mi = #{strand j ∈ RR such that dj = i + 1}.

We then have vectors ~n = (n1, . . . , nt−1) and ~m = (m1, . . . , mt−1), and a triple
(t, ~n, ~m) with t ≥ 2. The conditions in (3) are automatically satisfied for any
~n, ~m with non-zero entries. The following theorem is a strengthening of Propo-
sition 5.6 of [5], and is comparable to Theorem 1: It sets up a 1-1 correspondence
between Lorenz braid representatives (hence also T–braid representatives) of a
link L and special t–braid representatives, where t is the braid index of L.

Theorem 7 Let L ∈ Bp+dp
be defined by the vector ~dL = 〈d1, d2, . . . , dp〉. Then:

(1) The link L determined by L has braid index t and is represented by the
t–braid:

M = (σ1 · · ·σt−1)
t

t−1∏

i=1

(σ1 · · ·σi)
ni

1∏

i=t−1

(σt−1 · · ·σi)
mt−i

= [1, t]t
t−1∏

i=1

[1, i + 1]ni

1∏

i=t−1

[t, i]mt−i

= [1, t]t
t−1∏

i=1

[1, i + 1]ni

t−1∏

i=1

[t, t − i]mi (12)

All three forms of M are equivalent.

(2) Any triple (t, ~n, ~m) with t ≥ 2, which defines M, determines L uniquely, so
that there is a one-to-one correspondence between Lorenz braids L ∈ Bp+dp

and their t–braid representatives M ∈ Bt.
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Proof of (1): This was proved in Proposition 5.6 of [5], with a small but very
confusing typo 1 corrected. The proof of Proposition 5.6 of [5] is correct, but
the formula is not.

Proof of (2): We begin by showing that (2) will follow, if we can prove that
(t, ~n, ~m) determines (i) the braid index of L, (ii) the number |LL| of strands

in the LL braid and (iii) the subvector ~dLL ⊂ ~dL consisting of all di such that

i ≤ |LL|. Suppose this is true. By duality, (t, ~m,~n) then also determines ~dRR.
Next, notice that the only strands of L which have endpoints in R are type RR
and LR, and from this it follows that all endpoint positions in R which are not
occupied by strands of type RR must be occupied by the strands of type LR.
Moreover, the endpoints of the LR strands are completely determined because
there are no crossings between pairs of strands of type LR. Since we already
know the vector ~dLL, it follows that the vector ~dL is completely determined.
Likewise, ~dR is determined, hence L is completely determined.

It remains to prove that (t, ~n, ~m) determines ~dLL. For that, we begin by showing
that |LL| = n1+· · ·+nt−1. To see this, let’s go back and take another look at the
example that was given right after the end of the proof of Lemma 1. When we
constructed the t–strand LL-braid X we traded each braid strand in LL, together
with its associated loop around the axis, for an arc which corresponded to one
of the sequences (σ1σ2 · · ·σi) in the corresponding braid word. The braid word
X is given in (5). It is a subword of M. Going the other way, each subword
(σ1σ2 · · ·σi)

ni ∈ M must have come from a group of ni parallel strands in LL.
Since the LL braid is made up entirely from groups of parallel strands, the
assertion follows.

It follows immediately that |RR| = m1 + · · ·+mt−1, using the now-familar trick
of passing from L to L.

Note also that, since p = |LL| + t and dp = |RR| + t, it follows that the braid
index of L is

p + dp = 2t +

t−1∑

i=1

(ni + mi).

If ~n = ~m = 0, i.e. |LL| = |RR| = 0, then ~dL = 〈tt〉 with t ≥ 2. Otherwise, one
of the entries in ~n or ~m is nonzero, so by duality we can assume that ~n 6= 0,
hence |LL| 6= 0.

We are ready to construct ~dLL. It’s a subset of ~dL, so we may write it in the form
~dLL = 〈rs1

1 , . . . , r
sq−1

q−1 , rs′

q 〉, where q is the number of packets of parallel strands
in LL, and where s′ ≤ sq is the number of strands in the last packet that are in
LL. Our question is: how do we find the entries r1, . . . , rq, s1, . . . , sq−1, s

′, when
we are given (t, ~n, ~m)?

1In Proposition 5.6 of [5], the superscript in the product on the right should have been
mt−i, not mi, as was asserted in [5].
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1. Our first claim is that if nµ1
, . . . , nµq

are the ordered array of non-zero ni,
then si = nµi

for i = 1, . . . , q−1 and s′q = nµq
. This is the case because, as

was shown in the proof of Lemma 1, each strand in LL goes to a subword
(σ1σ2 · · ·σiµi

) of M, and nµi
is the number of times this subword occurs,

i.e. the number of parallel strands in LL.

2. The ‘jump’ ri is the number of crossings in each member of the ith packet
of parallel strands of LL before it is uncoiled. Our next question is to
relate ri to the number of crossings in the replaced strand. But that is
easy, because by Lemma 1, each time the braid index is reduced by 1, the
crossing number is too. It follows that ri = iµi

+ 1 for each i = 1, . . . , q.

Note that r1 ≥ 2, and by the dual argument sk ≥ 2, as required in (3) so that
L cannot be trivially destabilized. The proof is complete. �

Remark 2 Theorem 4 results in a duality for t–braids, given by conjugation by
the half-twist ∆, which sends every σi to σt−i. For every t–braid as in (12), we
get another braid in the same conjugacy class and which has the special form
given in (12). To see this, note that conjugation by ∆ sends

M = [1, t]t
t−1∏

i=1

[1, i + 1]ni

t−1∏

i=1

[t, t − i]mi

to

∆M∆−1 = [t, 1]t
t−1∏

i=1

[t, t − i]ni

t−1∏

i=1

[1, i + 1]mi ≈ [1, t]t
t−1∏

i=1

[1, i + 1]mi

t−1∏

i=1

[t, t − i]ni

where ≈ means after cyclic permutation. We use the fact that ∆2 = [1, t]t =
[t, 1]t is in the center of Bt.

Remark 3 Equation (12) can be used to compute the number of components

of any Lorenz link or T–link L. If starting from ~dL, we first compute (t, ~n, ~m).
The number of components of L is the number of disjoint cycles in the following
permutation induced by (12):

t−1∏

i=1

(i i − 1 · · · 1)ni

t−1∏

i=1

(t − i t − i + 1 · · · t)mi

This may be useful for a computer search for Lorenz knots among T–links.

Example 4 In the special case k = 2, we can obtain the Lorenz braid explicitly
from the given (t, ~n, ~m). The case k = 2 occurs when ~n ∪ ~m contains exactly
two nonzero entries. Then either both entries are in ~n, one is in ~n and one in
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~m, or both are ~m. Let i0 < i1 and j0 < j1 denote the indices of the nonzero
ni and mj , where exactly two of the four indices i0, i1, j0, j1 occur. Then the

following explicit formulae give ~dL = 〈rs1

1 , rs2

2 〉, and so determine the associated
Lorenz braid L.

Case 1. 0 < i0 < i1 r1 = i0 + 1 s1 = ni0

r2 = t s2 = ni1 + t

Case 2. 0 < i0 ≤ j0 r1 = i0 + 1 s1 = ni0

r2 = t + mj0 s2 = t

Case 3. 0 < j0 ≤ i0 r1 = t s1 = t + ni0 − (j0 + 1)
r2 = t + mj0 s2 = j0 + 1

Case 4. 0 < j0 < j1 r1 = t + mj1 s1 = t − (j0 + 1)
r2 = t + mj0 + mj1 s2 = j0 + 1.

It is straightforward to verify that in each case, the Lorenz braid has the given
(t, ~n, ~m). Such a Lorenz braid is unique by Theorem 7.

Corollary 8 Every Lorenz link L has finitely many minimal braid representa-
tives of the form given in (12). Therefore, L has finitely many Lorenz braid
representatives up to trivial stabilizations.

Proof: By Corollary 2 (ii), for fixed braid index, the letter length of any
braid representative is a topological invariant of L. Let t be the trip number
of L. Since there only finitely positive words of given letter length, there are
finitely many t–braid representatives of L of the form (12). By Theorem 7, L
has finitely many Lorenz braid representatives of the form (2); i.e., up to trivial
stabilizations. �

Since the links in [5] are a proper subset of our Lorenz links, Corollary 8 applies
to those links.

Pierre Dehornoy has proved the same result as Corollary 8 simultaneously and
independently using different methods [11].

Remark 4 Although any given Lorenz knot appears infinitely often as a com-
ponent in its many parallel copies, this does not contradict Corollary 8. This
is a small miracle: Lorenz links can have any number of parallel copies be-
cause essentially we are counting links rather than their individual components.
Parallel push-offs result in distinct Lorenz links because the Lorenz template
has non-trivial framing, so any two such parallel components are non-trivially
linked. For example, parallel push-offs of the unknot are (n, n)–torus links.

A twisted torus link T((r1, s1), (r2, s2)) is obviously a torus link if r1 = 1, or
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by duality if s2 = 1. We will say that a twisted torus link T((r1, s1), (r2, s2)) is
non-trivial if it satisfies the conditions in (3): 2 ≤ r1 < r2 and 1 ≤ s1, 2 ≤ s2.

Theorem 9 A non-trivial twisted torus link T((r1, s1), (r2, s2)) is a (t, q)–torus
link if and only if r1 = s2 = t, and either s1 or r2 is a multiple of t. In this
case, t is the trip number and q = s1 + r2.

Proof: Suppose that T((r1, s1), (r2, s2)) represents the same link type as
T(p, q), where without loss of generality we assume that p ≤ q. Let t be the
braid index of T((r1, s1), (r2, s2)), so that p = t. By Theorem 7, we may assume
that every t-braid representative of T((r1, s1), (r2, s2)) has the special form given
in the third expression in (12):

M = [1, t]t
t−1∏

i=1

[1, i + 1]ni

t−1∏

i=1

[t, t − i]mi = [1, t]tNM,

where N denotes the first product and M denotes the second product. The
non-triviality conditions imply that exactly two of the exponents n1, . . . , nt−1,
m1, . . . , mt−1 are positive, so either N or M or both are non-trivial.

By a theorem of Schubert [20], the torus link T(t, q) has a unique conjugacy class
of braid representatives of minimal braid index, namely the conjugacy class of
[1, t]q. It follows that [1, t]tNM must be conjugate to [1, t]q, where t ≤ q. In
fact t < q; otherwise, if [1, t]tNM is conjugate to [1, t]t, then letter length
considerations tell us immediately that N = M = 1, which is false. Therefore,
q = t + x for some x > 0, so that [1, t]tNM is conjugate to [1, t]t[1, t]x. Since
[1, t]t generates the center of Bt, we can cancel it from both expressions, so NM
must be conjugate to [1, t]x, for some x > 0.

To continue, we refer to the work in [3], where a solution is given to the conjugacy
problem in Bt that is based upon a presentation which is widely known as
the ‘BKL’ presentation for the braid group Bt. In that solution the Garside
element, denoted δ in [3], is the element [1, t]. 2 We know that our product
NM must be conjugate to a power of δ. In the language of [3], this means
that inf(NM) = x = sup(NM), or equivalently the canonical length is zero.
This rules out, immediately, all possibilities except Cases 2 and 3 of Example
4; moreover, it implies that in Cases 2 and 3 we must have i0 = j0 = t − 1,
because otherwise the invariant sup(NM) would be bigger than x. In fact, the
situation is even more restrictive than that, because in the BKL presentation
for the braid groups the elements [1, t]y and [t, 1]y are not braid equivalent for
0 < y < t, although [1, t]t is braid equivalent to [t, 1]t. For this reason, we must
have ni0 or mj0 be a multiple of t.

2The conventions in [3] are a little bit different from those we have adopted here. In fact,
the Garside element in [3] is the element we call [t, 1] = σt−1 · · · σ2σ1, however that was a
matter of choice and [1, t] would have done equally well. We stick with [1, t], to make things
easier for the reader of this paper.
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If ni0 = ct and mj0 = b for some integers b, c > 0, then by Example 4, r1 =
t, r2 = t + b, s1 = ct, s2 = t, so our twisted torus link is T ((t, ct), (t + b, t)), as
claimed. The dual case is when mj0 is a multiple of t: ni0 and mj0 are switched,
and we obtain T((t, b), (at, t)), where a = c + 1.

Finally, by Corollary 3, T ((t, ct), (t+ b, t)) is isotopic to the trivial twisted torus
link T ((t, ct), (t, t + b)), which is the torus link T (t, t + ct + b). �

As a corollary, we obtain an infinite family of hyperbolic twisted torus knots:

Corollary 10 A non-trivial twisted torus knot T((r1, s1), (r2, s2)) is hyperbolic
if r1 = 2 and at least one of the following two conditions holds: (1) s2 > 2, (2)
both s1 and r2 are odd.

Proof: In [1], it was proved that non-trivial prime non-torus toroidally al-
ternating knots are hyperbolic. Twisted torus knots are prime by Corollary 2.
As remarked on p.46 of [10], if r1 = 2 such knots are toroidally alternating. If
r1 = 2, for T((r1, s1), (r2, s2)) to be a torus knot, by Theorem 9, s2 = 2 and
either s1 or r2 must be even. �

5 Open problems

5.1 The Jones polynomial of Lorenz links

The Jones polynomials of Lorenz links are highly atypical. The polynomials are
often sparse, nonzero coefficients are very small, and the L1-norm of coefficients
is several orders of magnitude less than for typical links with the same crossing
number. Mahler measure is a natural measure on the space of polynomials for
which these kinds of polynomials are simplest. Accordingly, the Mahler measure
of Jones polynomials of Lorenz links is unusually small, even when their span,
which is a lower bound for crossing number, is large.

Jones polynomials of Lorenz links inherit all properties of closed positive braids,
as in Corollary 2, part (iii), as well as those of highly twisted links. In [7], it
was shown that the Mahler measure of the Jones polynomial converges under
twisting for any link, and twisting formulas were given in Theorem 3.1 of [7].

Therefore, the atypical Jones polynomials of Lorenz links can best be under-
stood from the point of view of T–links: Starting from the Jones polynomial of
a torus link, we obtain the Jones polynomial of any T–link by twisting. Now,
the properties that seem surprising for Lorenz links are straightforward conse-
quences of the twisting formulas for the Jones polynomial.

Conjecture 1 Lorenz links L = L′ if and only if their Jones polynomials co-
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incide. A stronger conjecture is that partial data from the Jones polynomial
suffices to distinguish Lorenz links. For example, based on experiments, it is
possible that together the degrees of the Jones polynomial and its Mahler mea-
sure suffice.

5.2 The external trefoil

As was noted in §1, Ghys proved in [15] that Lorenz links are in one-to-one
correspondence with periodic orbits in the geodesic flow on the modular surface.
But the latter live not in S3, but in the complement of the trefoil knot in S3.
Figure 6 is copied from Ghys’ paper, and shows how the Lorenz template is
related to the external trefoil, which is now embedded in S3. The external
trefoil links the periodic orbits non-trivially, and Ghys proved that the linking
number is the famous Rademacher function.

Figure 6: The Lorenz template and the ‘external trefoil’

Conjecture 2 Let K be the external trefoil, embedded in S3 relative to the
Lorenz template, as in Figure 6. Let L̂, L̂′ be the closures of Lorenz braids
L, L

′, and let K, K′ be the link types formed by L̂, L̂′ and K. Then K = K′ if
and only if L̂ = L̂′.

5.3 Extension to generalized twisted torus links

By defintion, Lorenz braids are positive. However, as mentioned in Section 1,
T–links arise naturally as a subset of generalized twisted torus links, which need
not be positive. These are easily defined as in (1), except that we now allow
si ∈ Z. If si < 0, then we take the negative Artin braid generators in that
syllable of the braid word.

Many of our results for T–links were obtained using the duality of the Lorenz
template. Without positivity, there is no obvious duality, but some of our results
for T–links may still hold for generalized twisted torus links.

23



For example, twisted torus links are given by T((r, s), (p, q)) with p > r > 0. If
duality holds, then

T ((r, s), (p, q)) = T ((q, p− r), (q + s, r))

which implies that q+s > q > 0, hence q, s > 0. Therefore, duality as defined in
§3 applies only to positive twisted torus links, which are T–links. Does another
kind of duality apply to non-positive twisted torus links? In particular, how can
Corollary 6 be extended to all twisted torus links?

More generally, is there a statement for generalized twisted torus links that
generalizes Theorem 4? If so, how does Theorem 5 extend to generalized twisted
torus links?

In a different direction, in Theorem 9 we determine exactly which positive
twisted torus links are in fact torus links. This gives a partial answer to a
question asked by Dean in [10] when he considered the hyperbolicity of twisted
torus knots. The following remains open: If s1 · s2 < 0, which twisted torus
links are torus links?

To determine their hyperbolicity, as in Corollary 10, which twisted torus links
are satellites? Satellites do occur among Lorenz knots (see Theorems 6.2 and
6.5 in [5]), but we do not know whether any such T–links have k = 2.

5.4 Non-uniqueness of the defining vector

An interesting question is to determine all distinct vectors ~dL = 〈rs1

1 , . . . , rsk

k 〉,
or equivalently all T–braids which define the same topological link type L =
T((r1, s1), . . . , (rk, sk)). It would be of great interest to know this, even in the
special case when k = 2, i.e. the case of twisted torus links (see Corollary 3).
Our work in this paper suggests that there may be a very beautiful solution to
this question.

First, recall that we have already eliminated the infinitely many repetitions that
arise when we stabilize a Lorenz braid L in an obvious way and obtain a new
Lorenz braid, because we assumed that r1 ≥ 2 and sk ≥ 2.

Second, we have learned that duality always creates a second representation of
a T–braid, for every given one. By Remark 2, if M is a minimal braid index
representative of a Lorenz link or T–link, then the dual braid is simply ∆M∆−1,
so these minimal braid representatives are conjugate.

Third, we learned in Theorem 7 that each L ∈ Bp+rk
and also each T ∈ Brk

determines and is determined by a unique M ∈ Bt, so the problem is equivalent
to asking about the non-uniqueness of t–braid representatives with the special
factorization given in (12). We showed in Corollary 8 that these are finite
because genus and trip number are topological invariants of L. But how can we
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be sure that two braids in Bt define the same link type L? The data that we
have collected suggests that the following strengthening of Corollary 8 is true:

Conjecture 3 If a Lorenz link L has representatives M1, M2 ∈ Bt, where t is
the trip number of L, then M1, M2 are in the same conjugacy class in Bt.

We remark that links which are closed positive braids need not have unique
conjugacy classes of minimum braid representatives, but the known examples
that might contradict Conjecture 3 cannot be Lorenz links. For example, com-
posite links have minimum closed braid representatives which admit exchange
moves, leading to infinitely many conjugacy classes of minimum braid index
representatives, but Lorenz links are prime [23]. Also links which are closed 3-
braids and which admit positive flypes have non-unique conjugacy classes, but
the Lorenz links of trip number 3 have been studied [2], and they do not include
any positive closed 3-braids which admit positive flypes. These results extend
to Lorenz links.

Let’s suppose that Conjecture 3 is true. We still face the problem of enumerating
all braids in Bt of fixed letter length which admit the special factorization given
in (12) and close to L. We give some examples to illustrate the difficulty.

Example 5 The following 6-braids:

[1, 6]6[1, 4]4[1, 6] and [1, 6]6[1, 5]3[1, 6] (13)

are in a single conjugacy class in B6 and all have the special form that is given
in (12). Moreover, these three braids are not mutually conjugate by ∆ (see
Remark 2).

Since our 6-braids are in a single conjugacy class, their closures must determine
the same link L. The fact that the braids factorize in this particular way shows,
by Theorem 7, that the Lorenz braids associated to them define L too. We
follow the recipe given in the proof of Theorem 7, and learn that our Lorenz
braids have defining vectors:

〈44, 67〉 ∼ 〈72, 114〉 and 〈53, 67〉 ∼ 〈7, 105〉

with dual pairs indicated by the symbol “∼”. The Lorenz braids are in B17 and
B16 respectively, a fact which is interesting in its own right.

Observe that, when we seek t–braids which are conjugate and factorize in various
different ways, as did the examples we gave in (13), the process must end because
positive braids which are in the same conjugacy class must have the same letter
length, and the choices are limited. Indeed, in the examples in (13) it just
happens that the letter lengths of [1, 4]4 and [1, 5]3 are both 12 = 3×4 = 4×3. Of
course most simple-minded switches like this do not produce conjugate braids.
This seems to us to be an intriguing problem.
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An additional Lorenz braid (and its dual) whose closure is L are given by Corol-
lary 3: 〈44, 76〉 ∼ 〈63, 104〉, for which the corresponding 6-braid [1, 6]6[1, 6][6, 3]4

and its dual are also in the same conjugacy class as those above.

Example 6 We already showed in Remark 1 that the number of non-zero terms
in ~n∪ ~m is not a link type invariant, although our reasoning was special to k ≤ 2.
We now give an example to show that the phenomenon is not restricted to k ≤ 2.
The 3-braids [1, 3]3[1, 2]4[1, 3]2[3, 2]2[3, 1]3 and [1, 3]3[1, 3]4[3, 2]8 are in the same
conjugacy class, so they define the same link L. Their associated Lorenz braids
have defining vectors 〈24, 32, 6, 82〉 and 〈35, 112〉, where the former has k = 4
and the latter has k = 2.
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