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Abstract

If x is a real number, we denote by〈x〉 ∈ [0,1) the fractional part ofx: 〈x〉 = x − E(x), whereE(x) is the integer part ofx.
We give a simple proof of the following version of the Lonely Runner Conjecture: ifv1, . . . , v5 are positive integers, there exists
a real numbert such that〈tvi〉 ∈ [16, 56] for eachi in {1, . . . ,5}. Our proof requires a careful study of the different congruence
classes modulo 6 of the speedsv1, . . . , v5, and is simply based on the consideration of some timet̄ maximizing the distance of
〈tv1〉 to {0,1} among the set of timest such that〈tvi〉 ∈ [16, 56] for eachi �= 1. In appendix, we also give elementary proofs,
based on the same idea, for analogous versions of the conjecture with fewer integers.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

The Lonely Runner Conjecture has been introduced byWills[8] and independently by Cusick[4], and is named after Goddyn
[2]. ConsiderK + 1 persons running on a unit length circular track, all runners starting at the same time and place. Assume that
each runner has a constant speed, and that all speeds are different. A runner is said to belonelyat some time if he is at distance
at least 1/(K + 1) from every other runner. Does every runner gets lonely?
A convenient and usual reformulation of the conjecture can be obtained by assuming that all speeds are integers (see Section

4 in [3]) and that the runner to be lonely has zero speed. Given a positive integerK, it is standard to define theK + 1-instance
of the lonely runner conjecture as follows:

Lonely Runner Conjecture. Let v1, . . . , vK be positive integers. There exists a real numbert such that:

〈tvi〉 ∈ [1/(K + 1), K/(K + 1)] ∀i ∈ {1, . . . , K}.

This conjecture was first proved by Wills[8] for K = 2 (a very easy case). ForK = 3, there are four proofs in the context of
diophantine approximations: Betke and Wills[1] and Cusick[4–6]. Cusick[4–7] was motivated by view-obstruction problems
in n-dimensional geometry. The caseK = 4 was first proved by Cusick and Pomerance[7], with a proof requiring a computer
check. Later, Bienia et al.[2] gave a simple proof for the caseK = 4 and showed, for each value ofK, how a proof of the
associated lonely runner conjecture implies a theorem on nowhere zero flows in regular matroids. The caseK = 5 was recently
proved by Bohman et al.[3] in a long paper involving many computations. We give here a simple proof for the caseK = 5:
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Theorem 1.1. Letv1, . . . , v5 be positive integers. There exists a real number t such that:

〈tvi〉 ∈ [16, 56] ∀i ∈ {1, . . . ,5}.

The proof of Bohman et al. uses the fact that runners must cover intervals of time, and these authors are able to characterize
the speeds where the set of timest such that〈tvi〉 ∈ [16, 56] for each runneri, is a discrete set. The present proof is independent
from their proof, and is more in the spirit of Bienia et al.[2]. It requires a careful study of the congruence classes modulo 6 of
the speeds, and is based on the following simple idea.
Assume that the conjecture does not hold for some particular speedsv1, . . . , v5, wherev1 is a multiple of 6. It is quite natural

to consider some timēt which maximizes the distance of runner 1’s position from zero, among the set of times where every
other runner’s position is in[16, 56]. We then look for(�, �) in {1,2,3,4,5} × {0,1, . . . ,5} s.t. time�t̄ + �/6 contradicts the
definition of t̄ . This is how we prove the conjecture in the case where no other speed is a multiple of 3, and at most two of the
speedsv1, . . . , v5 are even (see Section 5, Proposition 5.4 and Section 6). The other cases are easier to deal with and are studied
in the first sections.
This approach can also be used to prove the Lonely Runner Conjecture for lower values ofK. In appendix, we give elementary

self-contained proofs for the casesK = 2,3,4. For higher values ofK, it might help by restricting the study to the finite set of
configurations of congruence classes (moduloK + 1) of the speeds.

2. Preliminaries

We fix once and for all five positive integersv1, . . . , v5, and assume without loss of generality (w.l.o.g. for short) that
gcd{v1, . . . , v5} = 1.
Weview[0,1)asa circle. Ifx andy are in[0,1), the distancebetweenx andy is denoted byd(x, y)=min{|x−y|,1−|x−y|} ∈

[0, 12]. We putN(x) = d(x,0). If x > y, the interval[x, y] should be understood as[x,1) ∪ [0, y]. We define similarly[x, y),
(x, y] and(x, y).

R ={1, . . . ,5} is called the set of runners. Fori in R andt ∈ R, we denote the position of runneri at timet by xi(t)=〈tvi〉 ∈
[0,1). We say that runneri is safe at timet if xi(t) ∈ [16, 56]. Note thatxi(t + 1) = xi(t), and for any (possibly negative) integer
� and timet ′ in R, xi(�t + t ′) = 〈�xi(t) + xi(t

′)〉. We will extensively use the fact that ifvi is a multiple of some integerl, then
xi(t + 1/l) = xi(t) for each timet . Note also that the mapping(t → N(xi(t)) is continuous fromR to [0, 12].
We defineD as the set of timest in R such that every runner is safe at timet . Our goal is to prove thatD �= ∅. Note that

we could, by periodicity, restrict the whole set of times to be[0,1), but there is usually no advantage in doing so. Our proof
requires a careful study of the congruence classes modulo 6 of the speedsv1, . . . , v5. For each runneri in R, we denote by
ei ∈ {0,1,2,3, −1, −2} the congruence class ofvi modulo 6. Ifa andb are integers, we writea|b if a dividesb.
We start with elementary results.

Lemma 2.1. AssumeD = ∅. Then for eachl in {2,3,4,5,6}, there exists at least1 and at most3 multiples ofl among the
speedsv1, . . . , v5.

Proof. AssumeD = ∅, and fixl in {2, . . . ,6}. Considering timet = 1/l shows that at least one speed is a multiple ofl. Assume
that there exists a runneri (say i = 1 by symmetry) such that all speeds butvi are multiples ofl. Apply the lonely runner
theorem forK = 4 to find some timet in R such that at timet the runners 2, 3, 4 and 5 are safe. Then some element of
{t, t + 1/l, . . . , t + (l − 1)/ l} necessarily belongs toD. �

Lemma 2.2. If there exists a runner i such that: vi�5vj ∀j ∈ R\{i}, thenD �= ∅.

Proof. Apply the lonely runner theorem forK = 4 to find some timet in R satisfying:∀j ∈ R\{i}, xj (t) ∈ [15, 45]. If
xi(t) ∈ [16, 56] we are done, so we can assume thatxi(t) /∈ [16, 56], and w.l.o.g. (one may choose time−t instead oft) that

xi(t) ∈ [0, 16). We consider̂t =min{t ′� t, xi (t
′)= 1

6}. Betweent andt̂ , runneri covers a distance of at most16, sovi(t̂ − t)� 1
6.

This implies that for every other runnerj , vj (t̂ − t)� 1
30. Since

4
5 + 1

30 = 5
6, all runners are safe at timet̂ . �

Lemma 2.3. If three speeds are multiples of3, thenD �= ∅.

Proof. Assume by symmetry thatv1, v2, v3 are multiples of 3. By Lemma 2.1, we can assume thatv4 andv5 are not multiples
of 3. Consider some timet where runners 1, 2 and 3 are safe at that time. Fix a runneri ∈ {4,5}. We have{xi(t), xi(t + 1

3),
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xi(t + 2
3)} = {xi(t), 〈xi(t) + 1

3〉, 〈xi(t) + 2
3〉}. Since[56, 16] has length13, there exists at most one elementl in {0,1,2} such that

runneri is not safe at timet + l/3. So there must existl in {0,1,2} such that all runners are safe at timet + l/3.
We conclude this section with simple computations. Fixx in [0,1).

〈2x〉 ∈ (56, 16) ⇔ x ∈ (1112,
1
12) ∪ ( 5

12,
7
12).

〈3x〉 ∈ (56, 16) ⇔ x ∈ (1718,
1
18) ∪ ( 5

18,
7
18) ∪ (1118,

13
18).

〈4x〉 ∈ (56, 16) ⇔ x ∈ (2324,
1
24) ∪ ( 5

24,
7
24) ∪ (1124,

13
24) ∪ (1724,

19
24).

〈5x〉 ∈ (56, 16) ⇔ x ∈ (2930,
1
30) ∪ ( 5

30,
7
30) ∪ (1130,

13
30) ∪ (1730,

19
30) ∪ (2330,

25
30).

We then obtain the following claim.

Claim 2.4. ∀x ∈ (16, 56), ∃� ∈ {2, . . . ,5} such that〈�x〉 ∈ (56, 16).

3. The case where two speeds are multiples of 3

Proposition 3.1. If at least two speeds are multiples of3, thenD �= ∅.

Proof. Assume that 3|v1 and 3|v2. By Lemma 2.3 we can assume w.l.o.g. thatv3, v4, v5 are not multiples of 3, and by Lemma
2.1 we can assume w.l.o.g. that 6|v1 or 6|v2. We will use the two following arguments in the proof.�

Argument 1. If there exists some timet such that runners 1 and 2 are safe at timet , and at least two runners are not safe at time
t , then there existsl ∈ {0,1,2} such thatt + l/3 ∈ D, soD �= ∅.

Argument 2. If there exists some timet such that runners 1 and 2 are safe at timet , and at least one other runneri in {3,4,5}
satisfiesxi(t) ∈ {16, 12, 56}, then there existsl ∈ {0,1,2} such thatt + l/3 ∈ D, soD �= ∅.

We now assume thatD = ∅, and in all cases are going to find a contradiction. ConsiderT = {t ∈ R, x3(t) = 5
6}, and lett̂ in

T be such that

min{N(x1(t̂)), N(x2(t̂))} = max
t∈T

min{N(x1(t)), N(x2(t))}.

By Argument 2, it is not possible that both runners 1 and 2 are safe at timet̂ . By symmetry, we can assume w.l.o.g. that
N(x2(t̂))�N(x1(t̂)) and thus we havex1(t̂) ∈ (56, 16).
We now prove thatx1(t̂) = 0. Assume for the sake of contradiction that this is untrue, i.e. thatx1(t̂) �= 0.
Consider time 3̂t . We havex3(3t̂ ) = 1

2, andN(x1(3t̂ )) > N(x1(t̂)). Sincev3 is not a multiple of 3, the definition of̂t implies

thatN(x2(3t̂ ))�N(x1(t̂)) < 1
6. The same argument can be applied to time 5t̂ to obtainN(x2(5t̂ ))�N(x1(t̂)) < 1

6. Using the

computations before Claim 2.4, we obtain thatx2(t̂) belongs to(2930,
1
30) ∪ (1130,

7
18) ∪ (1118,

19
30). If x2(t̂) ∈ (2930,

1
30), then

N(x2(3t̂ )) > N(x2(t̂))�N(x1(t̂)), hence a contradiction. So indeedx2(t̂) ∈ (1130,
7
18) ∪ (1118,

19
30), and runner 2 is safe at both

times 2̂t and 4̂t . We havex2(3t̂ ) ∈ ( 1
10,

1
6) ∪ (56, 9

10) and thusN(x1(t̂))�N(x2(3t̂ )) > 1
10. Sox1(t̂) ∈ ( 1

10,
1
6) ∪ (56, 9

10).
We know that 6|v1 or 6|v2.
Assume now that 6|v1 and 6|v2. If e3= 1, considering timet = 2t̂ + 1

6 contradicts the definition of̂t . If e3= −1, considering

time t = 2t̂ − 1
6 gives a similar contradiction. Ife3 ∈ {−2,2}, then by Lemma 2.1 bothv4 andv5 are odd. At both timest = 2t̂

andt ′ = 2t̂ + 1
2, runners 1, 2 and 3 are safe, so runner 4 or runner 5 is not. Let us assume w.l.o.g. thatx4(2t̂ ) ∈ (56, 16), and that

x5(2t̂ ) ∈ (26, 46). At time t̃ = 4t̂ + 1
2, all runners are safe, hence a contradiction.

Assume that 6|v1 and thate2 = 3. If e3 = 1 (resp.−1, resp. 2, resp.−2), considering timet = 2t̂ + 1
6 (resp. 2̂t − 1

6, resp.

3t̂ + 1
6, resp. 3̂t − 1

6) contradicts the definition of̂t . Assume finally thate1= 3 ande2= 0. If |e3| = 1, we find a contradiction as

before. Ife3 = 2, then at timêt + 1
6, the position of runner 3 is

1
6, and both runners 1 and 2 are safe. Time−(t̂ + 1

6) contradicts

the definition oft̂ . If e3 = −2, similarly time−(t̂ − 1
6) gives a contradiction.

In all cases, we have obtained thatx1(t̂) = 0. So for each real numbert , x3(t) = 5
6 ⇒ (x1(t) = 0 orx2(t) = 0). Applying this

for t = −1/(6v3) gives that 6v3|v1 or 6v3|v2.
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By symmetry between runners 3, 4 and 5, we also obtain that: (6v4|v1 or 6v4|v2) and (6v5|v1 or 6v5|v2). By symmetry
between runners 1 and 2, we assume that 6v4|v1, 6v5|v1 and(6v3|v1 or 6v3|v2). v1�6v4, v1�6v5, and (v1�6v3 or v2�6v3)
so by Lemma 2.2 we have 5v2> v1 and 5v1> v2.
We now consider timēt = 1/(6v1) which is the first positive time where the position of runner 1 is

1
6. Thenx4(t̄) andx5(t̄)

belong to(0, 1
36]. If runner 2 is safe at timēt , we are done by argument 1. So necessarilyv2<5v1 andx2(t̄) ∈ (0, 16). 5v2> v1

then gives thatx2(t̄) ∈ ( 1
30,

1
6). Consider finally times = 5/(6v1) = 5t̄ . At time s, runners 1 and 2 are safe whereas runners 4

and 5 are not. Argument 1 gives a contradiction withD = ∅, and concludes the proof of Proposition 3.1.
Using Lemma 2.1 and Proposition 3.1, we now know that ifD = ∅, exactly one speed among{v1, . . . , v5} is a multiple of 6,

and no other speed is a multiple of 3. From now on, we will always assume that 6|v1, andv2, v3, v4, v5 are not multiples of 3.
Under these hypotheses the following fact will be useful.

Argument 3. If there exists some timet such that runner 1 is safe at timet , and at least three other runnersi in {2,3,4,5}
satisfyxi(t) ∈ [56, 16], then there existsl ∈ {0,1,2} such thatt + l/3 ∈ D, soD �= ∅.

4. Three even speeds

Proposition 4.1. If at least three speeds are even, thenD �= ∅.

Proof. Assume that three speeds are even and thatD = ∅. By Lemma 2.1 and Proposition 3.1, we can assume w.l.o.g. that:
e1 = 0, |e2| = |e3| = 2, and|e4| = |e5| = 1.
Suppose that there exists some timet inR such thatx1(t) ∈ [16, 56], x2(t) ∈ [56, 16] andx4(t)=0. Then for eachl in {1,2,4,5},

every runneri in {1,2,4} is safe at timet + l/6. The set{l ∈ {1,2,4,5}, x5(t + l/6) ∈ (56, 16)} has at most one element, or

consists of two consecutive integers.{l ∈ {1,2,4,5}, x3(t + l/6) ∈ (56, 16)} has at most one element, or consists of two elements
l, l′ satisfying|l − l′| = 3.We thus findl in {1,2,4,5} such thatt + l/6 ∈ D, hence a contradiction.
Suppose now that we can findt in R such thatx1(t) ∈ [16, 56], x5(t) ∈ [56, 16] andx4(t) = 0. Then for eachl in {1,2,3,4,5},

runners 1 and 4 are safe at timet + l/6. The set{l ∈ {1,2,3,4,5}, x5(t + l/6) ∈ (56, 16)} has at most one element which is

either 1 or 5. For each runneri in {2,3}, {l ∈ {1,2,3,4,5}, xi(t + l/6) ∈ (56, 16)} has at most one element, or consists of two
elementsl, l′ satisfying|l − l′| = 3. Again, we find somel such thatt + l/6 ∈ D.
Summing up the two previous paragraphs, we obtain that for every timet satisfyingx4(t) = 0 andx1(t) ∈ [16, 56], we

necessarily havexi(t) ∈ (16, 56) for eachi in {2,3,5}. Moreoverx5(t) ∈ (13, 23), since otherwiset + 1
2 ∈ D. We now show that

this implies thatv1 is a multiple ofv4.
Assume thatv1 is not a multiple ofv4. Then at timet = 1/v4, we havex1(t) �= 0. Sincev4 is not a multiple of 2, 3 or

4, we have〈2x1(t)〉 �= 0, 〈3x1(t)〉 �= 0 and〈4x1(t)〉 �= 0. If x1(t) ∈ (0, 16) ∪ (56,1) then there exists an integer� such that

x1(�t) = 〈�x1(t)〉 ∈ [ 1
12,

1
6]. If x1(t) ∈ [16, 56], by Claim 2.4 we can find� ∈ {2,3,4,5} such that〈�x1(t)〉 ∈ [56, 16]: if

〈�x1(t)〉 �= 0, we can find an integer� such that〈��x1(t)〉 ∈ [ 1
12,

1
6];if 〈�x1(t)〉=0, then�=5 and we can find an integer� such

that〈�x1(t)〉= 1
5. In all cases we can find some times such thatx4(s)=0 andx1(s) ∈ [ 1

12,
1
6] ∪ {15}. At times 2s and 4s, runner

1 is safe and the position of runner 4 is 0, so by the argument in the previous paragraph we necessarily have:x5(2s) ∈ (13, 23)

andx5(4s) ∈ (13, 23). This is impossible sincex5(4s) = 〈2x5(2s)〉.
We have obtained that necessarilyv4|v1. Sincee1 = 0 and|e4| = 1, indeed 6v4|v1 andv1�6v4. By symmetry betweenv4

andv5, we also obtain thatv1�6v5. At time t̃ = 1/(6v1), we havex1(t̃) = 1
6, x4(t̃) ∈ (0, 1

36] andx5(t̃) ∈ (0, 1
36]. For every

� ∈ {1,2,3,4,5}, at time�t̃ runner 1 is safe and runners 4 and 5 are not, so by argument 3 we havex3(�t̃ ) ∈ (16, 56) and

x2(�t̃ ) ∈ (16, 56). This is impossible by Claim 2.4.�

5. A unique even speed

We consider here the case where there is a unique even speed. To prove thatD �= ∅, we can assume w.l.o.g. by Lemma 2.1
and Proposition 3.1 that:e1 = 0, and|ei | = 1 for eachi in {2,3,4,5}.
The following lemma is the key of the proof.
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Lemma 5.1. Letx3, x4 andx5 be in[0,1). Then at least one of the two following properties holds:

(1) ∃� ∈ {2,3,4,5}, ∃� ∈ {1,2,3,4,5} such that:
〈�xi + �/6〉 ∈ [16, 56] ∀i ∈ {3,4,5}.

(2) ∃� ∈ {1,2,4} such that: 〈xi + �/6〉 ∈ (16, 56) ∀i ∈ {3,4,5}.

Proof. Assume that (1) and (2) do not hold.
Fix � in {2,3,4,5}. For each� ∈ {1,2,3,4,5} one can find a runneri in {3,4,5} such that〈�xi + �/6〉 ∈ (56, 16), which

is equivalent to〈�xi〉 ∈ ((5− �)/6, (7− �)/6). This implies that exactly one runneri (resp.j , resp.k) in {3,4,5} satisfies
〈�xi〉 ∈ (0, 13) (resp.〈�xj 〉 ∈ (13, 23), resp.〈�xk〉 ∈ (23,0)). More precisely, only three cases are possible:

(a) if there existsi in {3,4,5} s.t.〈�xi〉 ∈ (0, 16), then there existj andk in {3,4,5} s.t.〈�xj 〉 ∈ (13, 12)and〈�xk〉 ∈ (23, 56).

(b) if there existsi in {3,4,5} s.t.〈�xi〉 ∈ (56,1), then there existj andk in {3,4,5} s.t.〈�xj 〉 ∈ (16, 13) and〈�xk〉 ∈ (12, 23).

(c) if no runneri in {3,4,5} satisfies〈�xi〉 ∈ (56, 16), then there existi, j and k in {3,4,5} such that〈�xi〉 ∈ (23, 56],
〈�xj 〉 ∈ [16, 13) and〈�xk〉 ∈ (13, 23).

Consider now the situation for� = 2. Exactly one of the above cases (a), (b) or (c) holds. In each case, we will find a
contradiction.
Assume that case (c) holds for� = 2. Then there exist two runnersi andj such that both〈4xi〉 and〈4xj 〉 belong to[13, 23].

This is a contradiction.
Assume that case (a) holds for� = 2. By symmetry, we can suppose w.l.o.g. that:〈2x3〉 ∈ (0, 16), 〈2x4〉 ∈ (13, 12) and

〈2x5〉 ∈ (46, 56). This implies that:〈x3〉 ∈ (0, 1
12)∪ (12, 7

12), 〈x4〉 ∈ (16, 14)∪ (23, 34) and〈x5〉 ∈ (13, 5
12)∪ (56, 1112). Consequently

〈3x3〉 ∈ (0, 14)∪ (12, 34), 〈3x4〉 ∈ (12, 34)∪ (0, 14) and〈3x5〉 ∈ (0, 14)∪ (12, 34). But exactly one runneri in {3,4,5} should satisfy:
〈3xi〉 ∈ (0, 13). We have three subcases according to the value of that runner.

If 〈3x3〉 ∈ (0, 14), we obtain thatx3 ∈ (0, 1
12), x4 ∈ (16, 14) andx5 ∈ (56, 1112). Then� = 2 satisfies property (2) and we

are done. If〈3x4〉 ∈ (0, 14), we obtain thatx3 ∈ (12, 7
12), x4 ∈ (23, 34) andx5 ∈ (56, 1112). Then� = 4 satisfies property (2). If

〈3x5〉 ∈ (0, 14), we obtain thatx3 ∈ (12, 7
12), x4 ∈ (16, 14) andx5 ∈ (13, 5

12). � = 1 satisfies property (2).

The last case iswhencase (b) holds for�=2.By symmetry,weassume that:〈2x3〉 ∈ (56,0), 〈2x4〉 ∈ (12, 23)and〈2x5〉 ∈ (16, 13).

This implies that:x3 ∈ ( 5
12,

1
2)∪(1112,0),x4 ∈ (14, 13)∪(34, 56)andx5 ∈ ( 1

12,
1
6)∪( 7

12,
2
3). Consequently〈3x3〉 ∈ (14, 12)∪(34,0),

〈3x4〉 ∈ (34,0) ∪ (14, 12) and〈3x5〉 ∈ (14, 12) ∪ (34,0). But exactly one runneri in {3,4,5} should satisfy〈3xi〉 ∈ (23,0). Again,
we have three subcases according to the value of that runner.
If 〈3x3〉 ∈ (34,0), we obtain thatx3 ∈ (1112,1), x4 ∈ (34, 56) andx5 ∈ ( 1

12,
1
6). � = 4 satisfies property (2). If〈3x4〉 ∈ (34,0),

we obtain thatx3 ∈ ( 5
12,

1
2), x4 ∈ (14, 13) andx5 ∈ ( 1

12,
1
6). � = 1 (or 2) satisfies property (2).

We then necessarily have〈3x5〉 ∈ (34,0). Thenx3 ∈ ( 5
12,

1
2), x4 ∈ (34, 56) andx5 ∈ ( 7

12,
2
3) (remark that� = 5 is not an

option for property 2).〈3x3〉 ∈ (14, 12), 〈3x4〉 ∈ (14, 12) and〈3x5〉 ∈ (34,0). The only possible case for� = 3 is c), and we must

have〈3x5〉 ∈ (34, 56).

If 〈3x4〉 ∈ (14, 13), then〈3x3〉 ∈ (13, 12). Consider now� = 3+ 1= 4. x4 + 〈3x4〉 ∈ (34 + 1
4, 56 + 1

3), so 〈4x4〉 ∈ (0, 16).

x3 + 〈3x3〉 ∈ ( 5
12 + 1

3, 12 + 1
2), so〈4x3〉 ∈ (34,0) andx5 + 〈3x5〉 ∈ ( 7

12 + 3
4, 23 + 5

6), so〈4x5〉 ∈ (13, 12). Case (a) necessarily

holds for� = 4, and〈4x3〉 ∈ (34, 56). But nowx3 + 〈4x3〉 ∈ ( 5
12 + 3

4, 12 + 5
6) so 〈5x3〉 ∈ (16, 13). Similar computations give

〈5x4〉 ∈ (34,0) and〈5x5〉 ∈ (1112,
1
6). No runneri satisfies〈5xi〉 ∈ (13, 23), hence a contradiction.

If 〈3x4〉 /∈ (14, 13), then〈3x4〉 ∈ (13, 12)and〈3x3〉 ∈ (14, 13). 〈5x3〉=〈〈3x3〉+〈2x3〉〉 ∈ ( 1
12,

1
3), 〈5x4〉=〈〈3x4〉+〈2x4〉〉 ∈ (56, 16)

and〈5x5〉= 〈〈3x5〉+ 〈2x5〉〉 ∈ (1112,
1
6). Again, no runneri satisfies〈5xi〉 ∈ (13, 23). Hence a contradiction, concluding the proof

of Lemma 5.1. �

Lemma 5.1 is the main tool to deal with the casee2= e3= e4= e5=1.We slightly generalize it to deal with the more general
case where|ei | = 1 for each runneri in {2,3,4,5}.

Lemma 5.2. Let (x3, ε3), (x4, ε4) and(x5, ε5) be in[0,1) × {1, −1}. Then at least one of the two following properties holds:

(1) ∃� ∈ {2,3,4,5}, ∃� ∈ {1,2,3,4,5} such that: 〈�xi + εi�/6〉 ∈ [16, 56] ∀i ∈ {3,4,5}.
(2) ∃� ∈ {1,2,4} such that:

〈xi + εi�/6〉 ∈ (16, 56) ∀i ∈ {3,4,5}.
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Proof. Defineyi =xiεi for eachi in {3,4,5}. Apply Lemma 5.1 toy3, y4, y5 to get a pair(�, �) in {1,2,3,4,5}×{1,2,3,4,5},
with (�, �) �= (1,3) and(�, �) �= (1,5). For eachi in {3,4,5}, |�yi + �/6| = |�xi + εi�/6|. So we obtain the two following
equivalences:

〈�yi + �/6〉 ∈ [16, 56] ⇔ 〈�xi + εi�/6〉 ∈ [16, 56]
〈�yi + �/6〉 ∈ (16, 56) ⇔ 〈�xi + εi�/6〉 ∈ (16, 56).

The pair(�, �) is appropriate, i.e. satisfies (1) or (2) of Lemma 5.2 for(x3, ε3), (x4, ε4) and(x5, ε5). �

In the next lemma, we want� to belong to{2,4,5} in property (2).

Lemma 5.3. Let (x3, ε3), (x4, ε4) and(x5, ε5) be in[0,1) × {1, −1}. Then at least one of the two following properties holds:

(1) ∃� ∈ {2,3,4,5}, ∃� ∈ {1,2,3,4,5} such that:
〈�xi + εi�/6〉 ∈ [16, 56] ∀i ∈ {3,4,5}.

(2) ∃� ∈ {2,4,5} such that: 〈xi + εi�/6〉 ∈ (16, 56) ∀i ∈ {3,4,5}.

Proof. Defineyi =−xiεi for eachi in {3,4,5}.Apply Lemma5.1 toy3,y4,y5 to get a pair(�, �) in {1,2,3,4,5}×{1,2,3,4,5},
with (�, �) �= (1,3) and(�, �) �= (1,5). Fix i in {3,4,5}.
If εi = 1, then�yi + �/6= −(�xi − �/6). So〈�yi + �/6〉 = 〈−(�xi − �/6) − 1〉 = 〈−(�xi + εi(6− �)/6)〉. If εi = −1,

�yi + �/6= �xi − εi�/6, so〈�yi + �/6〉 = 〈�xi + εi(6− �)/6〉. So for eachi in {3,4,5}:
〈�yi + �/6〉 ∈ [16, 56] ⇔ 〈�xi + εi(6− �)/6〉 ∈ [16, 56]
〈�yi + �/6〉 ∈ (16, 56) ⇔ 〈�xi + εi(6− �)/6〉 ∈ (16, 56).

The pair(�,6− �) satisfies (1) or (2) of Lemma 5.3 for(x3, ε3), (x4, ε4) and(x5, ε5). �

We can now conclude this section.

Proposition 5.4. If a single speed is even, thenD �= ∅.

Proof. We can assume w.l.o.g., by Lemma 2.1 and Proposition 3.1 that:e1 = 0, and|ei | = 1 for eachi in {2,3,4,5}. Define
T = {t ∈ R, ∀i ∈ {2,3,4,5}, xi(t) ∈ [16, 56]}, and consider̄t ∈ T such thatN(x1(t̄)) =maxt∈T N(x1(t)).

By theK = 4 instance of the lonely runner theorem there existst in R such thatxi(t) ∈ [15, 45] for eachi in {2,3,4,5}. This
implies thatx1(t̄) �= 0, and by symmetry (t �→ −t) we can assume thatx1(t̄) ∈ (0, 12]. If x1(t̄)� 1

6, then t̄ ∈ D and we are

done. So we are left with the case wherex1(t̄) ∈ (0, 16). By definition oft̄ , there must exist some runneri, w.l.o.g. say runner 2,

such thatxi(t̄) = 5
6.

Consider̃t = t̄ + e2/6. We havex2(t̃) = 0, x1(t̃) = x1(t̄) ∈ (0, 16).
If e2 = 1, apply Lemma 5.2 to(x3(t̃), e3), (x4(t̃), e4), (x5(t̃), e5). We obtain a pair(�, �) in {1,2,3,4,5} × {1,2,3,4,5}

with � ∈ {1,2,4} if � = 1. Defines = �t̃ + �/6. For each runneri in {3,4,5}, xi(s) = 〈�xi(t̃) + ei�/6〉 ∈ [16, 56], x2(s) = �/6 ∈
{16, 26, . . . , 56} andx1(s) = 〈�x1(t̄)〉. If ��2,thenN(x1(s)) > N(x1(t̄)), contradicting the definition of̄t . If � = 1, thenx2(s) ∈
{23, 13, 16}, x1(s) = x1(t̄) andxi(s) ∈ (16, 56) for eachi in {3,4,5}. One can find� >0 such thats + � contradicts the definition
of t̄ .

If e2= −1, we apply Lemma 5.3 to(x3(t̃), e3), (x4(t̃), e4), (x5(t̃), e5) to obtain a pair(�, �) in {1,2,3,4,5} × {1,2,3,4,5}
with � ∈ {2,4,5} if �=1. Puts =�t̃ +�/6. For each runneri in {3,4,5}, xi(s)=〈�xi(t̃)+ei�/6〉 ∈ [16, 56], x2(s)= (6−�)/6 ∈
{16, . . . , 56} andx1(s) = 〈�x1(t̄)〉. Since 6− � ∈ {1,2,4} if � = 1, as before one can find� >0 such thats + � contradicts the
definition of t̄ . �

6. Exactly two even speeds

We consider here the case where there are exactly two even speeds. To prove thatD �= ∅, we can assume w.l.o.g. by Lemma
2.1 and Proposition 3.1 that:e1 = 0, |e2| = 2 and|ei | = 1 for eachi in {3,4,5}.
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Lemma 6.1. Letx2, x4 andx5 be in[0,1). Then at least one of the two following properties holds:

(1) ∃� ∈ {2,3,4,5}, ∃� ∈ {1,2,3,4,5} such that:
〈�xi + �/6〉 ∈ [16, 56] ∀i ∈ {4,5}, and〈�x2 + 2�/6〉 ∈ [16, 56].

(2) ∃� ∈ {1,2,3,4} such that:
〈xi + �/6〉 ∈ (16, 56) ∀i ∈ {4,5}and〈x2 + 2�/6〉 ∈ (16, 56).

Proof. Assume that (1) and (2) do not hold.
Fix � in {2,3,4,5}, and assume thatd(〈�x4〉, 〈�x5〉)� 1

6. Then the set{� ∈ {1,2,3,4,5}, 〈�x4 + �/6〉 /∈ [16, 56] or 〈�x5 +
�/6〉 /∈ [16, 56]} contains at most 2 elements, or contains 3 consecutive elements. Since{� ∈ {1,2,3,4,5}, 〈�x2+2�/6〉 /∈ [16, 56]}
hasatmost twoelementsandcannot contain twoconsecutiveelements,wefindacontradiction.Thuswehaved(〈�x4〉, 〈�x5〉) > 1

6,

i.e. |〈�x4〉 − 〈�x5〉| ∈ (16, 56).So〈〈�x4〉 − 〈�x5〉〉 ∈ (16, 56). Since〈〈�x4〉 − 〈�x5〉〉 = 〈�x4− �x5〉, we obtain that〈�(x4− x5)〉 ∈
(16, 56). This has to be true for any� in {2,3,4,5}, so by Claim 2.4 we necessarily have:

|x4 − x5| ∈ ( 1
12,

1
6) ∪ (56, 1112).

Consider� = 2, and defineA = {� ∈ {1,2,3,4,5}, 〈2x4 + �/6〉 ∈ (56, 16) or 〈2x5 + �/6〉 ∈ (56, 16)}. Since|2(x4 − x5)| ∈
(16, 13) ∪ (53, 116 ), we have16 < d(〈2x4〉, 〈2x5〉) < 1

3. A contains at least 2 elements, and at most 4. Since we assumed that (1)

does not hold for� = 2, we have〈2x2 + 2�/6〉 ∈ (56, 16) for each� in {1,2,3,4,5}\A. This is clearly impossible ifA only has
two elements. IfA contains 3 elements,{1,2,3,4,5}\A should be equal to{1,4} or{2,5}, soA = {2,3,5} or A = {1,3,4}.
This is impossible sinced(〈2x4〉, 〈2x5〉) < 1

3. So the only possible case is whenA has four elements, and these elements are
necessarily consecutive. We are left with two cases.
(A) Assume thatA = {1,2,3,4}. By symmetry, we can assume that〈2x4〉 ∈ (23, 56) and〈2x5〉 ∈ (13, 12). And 〈2x2 + 10

6 〉 ∈
(56, 16), so〈2x2〉 ∈ (16, 12). All this implies thatx2 ∈ ( 1

12,
1
4) ∪ ( 7

12,
3
4), x4 ∈ (13, 5

12) ∪ (56, 1112) andx5 ∈ (16, 14) ∪ (46, 34). If

x5 ∈ (23, 34), thend(x4, x5) < 1
6implies thatx4 ∈ (56, 1112). But in this case (2) holds with some� in {3,4}. If x5 ∈ (16, 14), then

x4 ∈ (13, 5
12). (2) holds for some� in {1,2}.

(B)Assume thatA={2,3,4,5}. Bysymmetry,wecanassume that〈2x4〉 ∈ (12, 23)and〈2x5〉 ∈ (16, 13).And〈2x2+ 2
6〉 ∈ (56, 16),

so〈2x2〉 ∈ (12, 56). All this implies thatx4 ∈ (14, 13)∪ (34, 56), x5 ∈ ( 1
12,

1
6)∪ ( 7

12,
2
3) andx2 ∈ (14, 5

12)∪ (34, 1112). If x4 ∈ (14, 13)

thend(x4, x5) < 1
6implies thatx5 ∈ ( 1

12,
1
6), and (2) holds for� = 2 or � = 3. So we necessarily havex4 ∈ (34, 56), and then

x5 ∈ ( 7
12,

2
3). (2) is not satisfied for� = 4, so〈x2 + 8

6〉 ∈ [56, 16], thusx2 ∈ [34, 56]. But now〈4x2〉 ∈ [0, 13], 〈4x4〉 ∈ (0, 13) and

〈4x5〉 ∈ (13, 23). So (1) is satisfied for� = 4 and� = 1. �

The proofs of the two following lemmas are similar to the proofs of Lemma 5.2 and Lemma 5.3 and are omitted.

Lemma 6.2. Let (x2, ε2), (x4, ε4) and(x5, ε5) be in[0,1) × {1, −1}. Then at least one of the two following properties holds:

(1) ∃� ∈ {2,3,4,5}, ∃� ∈ {1,2,3,4,5} such that:
〈�xi + εi�/6〉 ∈ [16, 56] ∀i ∈ {4,5}, and〈�x2 + 2ε2�/6〉 ∈ [16, 56].

(2) ∃� ∈ {1,2,3,4} such that:
〈xi + εi�/6〉 ∈ (16, 56)∀i ∈ {4,5} and〈x2 + 2ε2�/6〉 ∈ (16, 56).

Lemma 6.3. Let (x2, ε2), (x4, ε4) and(x5, ε5) be in[0,1) × {1, −1}. Then at least one of the two following properties holds:

(1) ∃� ∈ {2,3,4,5}, ∃� ∈ {1,2,3,4,5} such that:
〈�xi + εi�/6〉 ∈ [16, 56] ∀i ∈ {4,5}, and〈�x2 + 2ε2�/6〉 ∈ [16, 56].

(2) ∃� ∈ {2,3,4,5} such that:
〈xi + εi�/6〉 ∈ (16, 56) ∀i ∈ {4,5} and〈x2 + 2ε2�/6〉 ∈ (16, 56).

We need a last couple of lemmata.

Lemma 6.4. Letx3, x4 andx5 be in[16, 56]. Then at least one of the three following properties holds:

(1) ∀i ∈ {3,4,5}, 〈2xi〉 ∈ (16, 56).
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(2) ∃� ∈ {1,5} s.t.∀i ∈ {3,4,5}, 〈xi + �/6〉 ∈ (16, 56).

(3) ∃� ∈ {3,5}, ∃� ∈ {0,1,2,3,4,5} s.t.∀i ∈ {3,4,5}, 〈�xi + �/6〉 ∈ [16, 56].

Proof. Assume that (1)–(3) do not hold.
Since (1) does not hold, there existsx in {x3, x4, x5} such thatx ∈ [ 5

12,
7
12]. Since (2) does not hold for�=1 and�=5, one can

find among{x3, x4, x5} one element in[23, 56] and one element in[16, 13]. W.l.o.g., we assume thatx3 ∈ [ 5
12,

7
12], x4 ∈ [16, 13]

andx5 ∈ [23, 56]. Consider� = 3 and� = 0. 〈3x3〉 ∈ [14, 34], 〈3x4〉 ∈ [12,0] and〈3x5〉 ∈ [0, 12]. We must have〈3x4〉 ∈ (56,0] or
〈3x5〉 ∈ [0, 16).

Assume that〈3x4〉 ∈ (56,0]. Since (3) does not hold for� = 3 and any�, we must have〈3x3〉 ∈ (12, 23) and〈3x5〉 ∈ (16, 13).

Sox4 ∈ ( 5
18,

1
3], x3 ∈ (12, 59) andx5 ∈ (1318,

14
18). This implies that〈5x4〉 ∈ ( 7

18,
2
3], 〈5x3〉 ∈ (12, 79) and〈5x5〉 ∈ (1118,

16
18).

(�, �) = (5,5) gives a contradiction.
Assume finally that〈3x5〉 ∈ [0, 16). Then necessarily〈3x4〉 ∈ (23, 56) and〈3x3〉 ∈ (13, 12). This implies thatx4 ∈ (29, 5

18),

x3 ∈ (49, 12) andx5 ∈ [23, 1318). 〈5x4〉 ∈ (19, 7
18), 〈5x3〉 ∈ (29, 12) and〈5x5〉 ∈ [13, 1118). (�, �) = (5,1) gives a contradiction. �

The proof of the next lemma is similar to the proof of Lemma 5.2 and is omitted.

Lemma 6.5. Let(x3, ε3), (x4, ε4) and(x5, ε5) be in[16, 56]× {1, −1}.Then at least one of the three following properties holds:

(1) ∀i ∈ {3,4,5}, 〈2xi〉 ∈ (16, 56).

(2) ∃� ∈ {1,5} s.t.∀i ∈ {3,4,5}, 〈xi + εi�/6〉 ∈ (16, 56).

(3) ∃� ∈ {3,5}, ∃� ∈ {0,1,2,3,4,5} s.t.∀i ∈ {3,4,5}, 〈�xi + εi�/6〉 ∈ [16, 56].

We can now conclude.

Proposition 6.6. If exactly two speeds are even, thenD �= ∅.

Proof. We can assume w.l.o.g., by Lemma 2.1 and Proposition 3.1 that:e1 = 0, |e2| = 2 and|ei | = 1 for eachi in {3,4,5}.
As in the proof of Proposition 5.4, we defineT = {t ∈ R, ∀i ∈ {2,3,4,5}, xi(t) ∈ [16, 56]}, and consider̄t ∈ T such that

N(x1(t̄)) = maxt∈T N(x1(t)). Assume thatD = ∅ for the sake of contradiction. W.l.o.g. we assume thatx1(t̄) ∈ (0, 16), and

(x2(t̄) = 5
6 or x3(t̄) = 5

6). We distinguish between the two cases.

Assume thatx2(t̄)=5
6.ApplyLemma6.5 to(x3(t̄), e3), (x4(t̄), e4)and(x5(t̄), e5) toobtainapair(�, �) in {(2,0), (1,1), (1,5)}

∪ ({3,5}×{0,1,2,3,4,5}). Consider times=�t̄+�/6.At times, runners 3, 4 and5are safe,x2(s)=〈�56+�e2/6〉 ∈ {16, 12, 46, 56}
andx1(s) = 〈�x1(t̄)〉. If ��2, thenN(x1(s)) > N(x1(t̄)), contradicting the definition of̄t . If � = 1, thenx2(s) ∈ {16, 12} and for
eachi in {3,4,5}, xi(s) ∈ (16, 56). One can find� >0 such thats + � contradicts the definition of̄t .

Assume finally thatx3(t̄) = 5
6. Definet̃ = t̄ + e3/6.x3(t̃) = 0 andx1(t̃) = x1(t̄). If e3= 1, apply Lemma 6.2 to(x2(t̃), e2/2),

(x4(t̃), e4), (x5(t̃), e5) to find a contradiction with the definition oft̄ . If e3= −1, apply Lemma 6.3 to(x2(t̃), e2/2), (x4(t̃), e4),
(x5(t̃), e5) to obtain a contradiction.

Appendix A.

We give here very simple proofs of the Lonely Runner Conjectures forK = 2,3,4. The proofs go by induction (note that the
conjecture is trivial forK = 1). FixK in {2,3,4}: we are givenK positive integersv1, . . . , vK and have to findt ∈ R such that
〈tvi〉 ∈ [1/(K + 1), K/(K + 1)] ∀i ∈ {1, . . . , K}.We assume w.l.o.g. that gcd{v1, . . . , vK } = 1 and the consideration of time
t = 1/(K + 1) implies that we can also assume that(K + 1)|v1. For eacht in R, we denote the position of runneri at timet

by xi(t) = 〈tvi〉, and say that runneri is safe at timet if xi(t) ∈ [1/(K + 1), K/(K + 1)]. Forx ∈ [0,1), the distance fromx
to 0 along the track is denoted byN(x) = min{x,1− x} ∈ [0, 12]. Note that for each runneri, the mapping(t �→ N(xi(t)) is
continuous.
DefineT ={t ∈ R, xi(t) ∈ [1/(K +1), K/(K +1)] ∀i ∈ {2, . . . , K}}. By the conjecture forK −1,T contains an interval of

positive length and we can considert̄ in T maximizingN(x1(t)).We havex1(t̄) �= 0. If runner 1 is safe at timēt we are done. So
we assume thatx1(t̄)=〈t̄v1〉 /∈ [1/(K +1), K/(K +1)] and are going to find a contradiction. By symmetry(t �→ −t), we finally
assume thatx1(t̄) ∈ (0,1/(K +1)). The maximality of̄t implies that at least one runner is at positionK/(K +1) at t̄ , so w.l.o.g.
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we havex2(t̄)=K/(K +1). Note that for any� in {1,2, . . . , K} and any� in {0, . . . , K}, we havex1(�t̄ +�/(K +1))=〈�x1(t̄)〉,
so if ��2 we getN(x1(�t̄ + �/(K + 1))) > N(x1(t̄)).

A.1. The proof forK = 2

We havex2(2t̄ ) = 〈2x2(t̄)〉 = 1
3, so time 2̄tcontradicts the definition of̄t . �

A.2. The proof forK = 3

Assume thatv3 is even.Sincegcd{v1, v2, v3}=1,v2 is odd.x1(t̄+ 1
2)=x1(t̄),x3(t̄+ 1

2)=x3(t̄), andx2(t̄+ 1
2)=〈x2(t̄)+ 1

2〉= 1
4.

If x3(t̄) < 3
4, one can find� >0 such that̄t + 1

2 + � contradicts the definition of̄t . If x3(t̄) = 3
4, time 2̄t gives a contradiction.

We are left with the case wherev3 is odd. At both times 3̄t and 3̄t + 1
2, runner 2 is safe, andN(x1(3t̄ )) = N(x1(3t̄ +

1
2)) > N(x1(t̄)). Sincex3(3t̄ + 1

2) = 〈x3(3t̄ ) + 1
2〉, one of the times 3̄t and 3̄t + 1

2 contradicts the definition of̄t . �

A.3. The proof forK = 4

By an analog of Lemma 2.1, it is easy to see that at most two speeds amongv1, . . . , v4 are multiples of 5. Note (as in[2])
that if vi is not a multiple of 5 (prime number), for each timet we have:{xi(t + �/5), � ∈ {0,1,2,3,4}} = {xi(t), 〈xi(t) +
1
5〉, 〈xi(t) + 2

5〉, 〈xi(t) + 3
5〉, 〈xi(t) + 4

5〉}. So the set{� ∈ {0, . . . ,4}, xi(t + �/5) /∈ [15, 45]} has at most two elements.
Assume that two speeds are multiples of 5, i.e. that there exists somei in {2,3,4} such thatv1 andvi are multiples of 5.

Consider some timêt where runners 1 andi are safe. There necessarily exists� in {0, . . . ,4} such that all runners are safe at
time t̂ + �/5.
So we are left with the case wherev2, v3 andv4 are not multiples of 5. Denote bye2, e3 ande4 in {1,2, −1, −2} the respective

congruence classes modulo 5 ofv2, v3 andv4. Sincee2 �= 0, it is possible to find� ∈ {1,2,3,4} s.t.x2(t̄ + �/5)� 〈x2(t̄) +
�e2/5〉�0. Puts = t̄ + �/5, and apply Lemma A.1 below to(x3(s), e3) and(x4(s), e4). If (1) holds, we find� in {2,3,4} and
� in {1,2,3,4} such that at time�s + �/5, runners 3 and 4 are safe, and runner 2 is at〈�e2/5〉 ∈ [15, 45]. This contradicts the
definition of t̄ . If (2) holds, we find�′ and�′′ in {1, . . . ,4} such that�′ �= �′′ and at both timess + �′/5 ands + �′′/5, both
runners 3 and 4’s positions are in(15, 45). There exists� ∈ {�′, �′′} such thatx2(s + �/5) ∈ {15, 25, 35}, and one can find� >0 s.t.
s + �/5+ � contradicts the definition of̄t . �

To complete the proof forK = 4, it is then sufficient to show the following lemma.

Lemma A.1. Let (x3, ε3) and(x4, ε4) be in[0,1) × {1,2, −1, −2}. Then at least one of the two following properties holds:

(1) ∃� ∈ {2,3,4}, ∃� ∈ {1,2,3,4} such that:
〈�xi + εi�/5〉 ∈ [15, 45] ∀i ∈ {3,4}.

(2) There exist at least two elements� in {1,2,3,4} satisfying:
〈xi + εi�/5〉 ∈ (15, 45) ∀i ∈ {3,4}.

Proof. Assume that (1) does not hold. Fix� in {2,3,4}. For eachi in {3,4}, the set{� ∈ {0,1,2,3,4}, 〈�xi +εi�/5〉 /∈ [15, 45]} has
atmost two elements, sowe necessarily have〈�x3〉 ∈ (15, 45) and〈�x4〉 ∈ (15, 45). This being true for any� in {2,3,4}, it is easy to
check that it implies that bothx3 andx4 belong to(

1
10,

1
5)∪ (45, 9

10). For eachi in {3,4}, {� ∈ {1,2,3,4}, 〈xi +εi�/5〉 /∈ (15, 45)}
has one element, hence (2) holds.�
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