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The game of Sprouts is an interesting game that has been discussed by several
authors (see [1,2,3]). This two-person game begins with m points on a piece of
paper. A play or a move is drawing an arc joining two points or a point o itsclf,
and then adding a new point on the arc subject to the following conditions:

(i) the arc does not cross another arc, and
(if) the degree of each point does not exceed 3.

The game ends when no move can be made and we obtain a graph G, with
maximum degree 3 and minimum degree 2. Call G, the end graph of the Sprouts
game. It is known that the number of plays in a game is between 2/m and 3m — 1
inclusive [1,2, 3], If we ignore all vertices of degree 2 in G, then we obtain a graph
G whose vertices are all of degree 3, which we call the cubic graph of the game.

In [2], Mark Copper described some properties of cubic graphs. He asked for
tight lower bounds on the number of plays when the cubic graph is connected and.
when it is 2-connected. We answer these questions and point out an error in [2].

The connected graphs that can be obtained with 2m moves and m < 3 are
given in [1, p. 566] and are shown in Figure 1. The original points are represented
by the big dots. The small dots represent points added during a play.
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Figure 1

In [2], Copper stated

Proposition 5. Suppose that the cubic graph G arises from a complete game of
Sprouts on m vertices in p plays. If G is connected and m > 2, then p > 2m.

But this is not correct, and Figure 1 gives a counterexample for m = 3. A
correct result is:

Proposition. Suppose that the cubic graph G arises from a complete game of Sprouts
on m vertices in p plays. If G is connected, then

p=2m fl<ms<3, and

p=2m+1  ifm>3.
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[image: image2.png]Equality holds for some G for every value of m = 1,2,3,..... .

Proof: 1t is obvious that G is connected if and only if G, is connected, so we can
look at G, instead. For m = 1,2 and 3, 2m is just the smallest possible number of
moves for a Sprouts game. Figure 1 shows that it is possible to get a connected
graph in just 2m moves. This leaves us with the case where m > 3.

We will modify the proof given by Copper. Let us assume that the game of
Sprouts produces a connected end graph G, in 2m moves. A quick check shows
that G, has 3m vertices, 4m edges, and after applying Euler’s formula, m + 2
faces. Denote the number of degree 2 vertices of G, by r. By counting the degrees
of all the vertices, we find that

2r +3(3m —r) = 2(4m),and r = m.

If deleting a degree 2 vertex disconnects G, call this vertex a bridge. Note that a
degree 2 vertex is a bridge if and only if it borders exactly 1 face. So, if we let b
denote the number of bridges, counting the number of faces gives

b+2(r—b)<m+2andbz=m-2.

When we remove all the bridges, G, breaks up into b + 1 connected components.
At least 2 of the connected components are non-trivial subgraphs to which only 1
bridge s attached. Let us call these end-components. Each end-component must
have at least 2 interior faces. By counting the number of faces again, we find that

m+2zb+4,andb<m-—2.

Hence b =m — 2. Since b + 2(r — b) = m + 2, each face in G, must have a
degree 2 vertex in its border. Since the interior faces of an end-component do not
border a bridge, we are forced to conclude that there are exactly 2 end-compo-
nents, each with 2 interior faces sharing a degree 2 vertex in their common border.
We now turn to counting the number of edges. The 2 end-components must have
at least 5 edges cach. Each bridge has two adjacent edges and the other connected
components have at least 2 edges each. This gives 2b + 2(b — 1) + 2 X 5 = 4m.
From this equality, we know the structure of G,. There are exactly 2 end-compo-
nents with exactly 5 edges each. The other connected components have exactly 2
edges each. However, it can be verified that, for b > 2, this graph cannot be
obtained from a Sprouts game. Hence, p = 2m + 1. Figure 2 illustrates such a
graph when m = 5.

Figure 2
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[image: image3.png]To show that equality is possible for each value of rm, it suffices to construct a
Sprouts game that ends in a connected graph in 2m + 1 moves. We illustrate the
construction with an example for m = 5. We first play a game of Sprouts on 2
points and get the graph shown in the middle of Figure 1. For the other points, we
draw an arc connecting the point to itself in concentric circles around the first 2
points. This gives the graph shown in Figure 3a. Then we connect the circles to
cach other by making the moves shown in Figure 3b. This construction can be
performed for every m > 3. n

Figure 3a Figure 3b

Figure 3

Our proposition is equivalent to the Fundamental Theorem of Zeroth Order
Moribundity stated in [1, p. 564].

Copper obtained a lower bound on the number of moves if the final graph
obtained is 2-connected.

Theorem [2, Proposition 4. Suppose that the graph G arises from a complete game
of Sprouts on m vertices in p plays. If G is 2-connected, then
pzim-3.

‘We show that the improved lower bound [(7m — 2)/3] is tight. Without loss of
generality, we may take the m given points as lying on a circle. Joining adjacent
pairs of points by arcs (and adding a new one on each arc) gives us a cycle of 2m
points. Now take 3 consccutive points on the cycle, connect the 2 end points and
then join the middle point to the newly created point. We repeat this for the next 3
consecutive points on the cycle until we are left with fewer than 3 points on the
cycle. If there is no point or 1 point left, the game ends. If there are 2 points left,
we make a play on them and the game ends.

Figure 4 illustrates an example for m = 4.

It is a simple exercise now to count the number of moves. We obtain:

Tk if m =3k
p={Tk+2 ifm=3k+1,and
Tk+4 ifm=3k+2.

This agrees with [(Tm — 2)/31.
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At the end of his article, Copper also asked which planar cubic graph are cubic
graphs of some Sprouts game. Though it is tempting to conjecture that all simple
planar cubic graphs can be so obtained, it is not true. A counterexample is shown
in Figure 5.

Figure 5
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